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Abstract

We presenta novel framework for the dynamicsimulationof elas-
tic deformablesolids. Our approachcombinesclassical nite el-
ementmethodologywith a multiresolutionsubdvision framevork
in orderto producefast,easyto use,andrealisticanimations.We
representeformationsisinga hierarchicabasisconstructedising
volumetricsubdvision. The subdvision framewvork providestopo-
logical e xibility andthehierarchicabasisallowsthesimulationto
adddetailwhereit is needed Sincevolumetricparameterizatiors
dif cult for complex models,we supportthe embeddingf objects
in domaingthatareeasierto parameterize.

CR Categories: 1.3.5 [ComputerGraphics]: ComputationaiGe-
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[ComputerGraphics]:Three-DimensionabraphicsandRealism—
Animation;

Keywords: animation,deformation physically-basedanimation,
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1 Introduction

With advancesin computeranimationover the pastfew decades,
peoplehave cometo expecta high degreeof realism. A common
wayto achieve suchrealismis to painstakinglycrafteachkeyframe,
but this requiresa tremendousmountof laborandskill. An alter
native is to endav animatedobjectswith physical propertiesand
allow themto move automaticallyaccordingo physicallaws. This
approachs especiallyappealingpecausé promisesncreasedeal-
ism while simultaneouslyeducingthe humanworkload. But such
simulationsarecomputationallyexpensve anddif cult to setup.

In this paperwe introducea new framework for dynamicdefor
mationsthatis fastandeasyto use,andproducegealisticresults.
Ourmethodcanbeappliedto complex objects anddoesnotdepend
ontherepresentationf the objector its surface.

In our framework, the domainof deformationis describedby
volumetric subdvision. Applying the principles of subdvision,
we constructa hierarchicalbasisto representisplacements We
thenformulatethe equationsof motionfor a dynamicallydeform-
ing elasticsolid in termsof the hierarchicalbasis. This formula-
tion de nes the temporalbehaior of the basiscoefcients in the
presencef body forcesand constraintforces. The mathematical
framavork andequation®f motionaredescribedn Section3.
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Within this framevork, we constructa robust dynamic simu-
lator that emplgys an implicit solver, permitting us to take large
timestepswithout succumbingto instabilities. Spatially varying
material propertiesare accommodatedregardlessof the resolu-
tion of the simulation. Externalconstraintsare handledusing La-
grangemultipliers. Usingthehierarchicabasisour simulationcan
adaptin orderto concentratecomputationakesourcesvherethey
areneeded.We introducea nev methodof quasi-linearizatiorof
the equationsof motionthatis effective but simplerthanthe stan-
dardmethod.Our simulatoris describedn Sectiord.

In Section5 we describesomeresultinginteractve simulations
built usingour framework, andwe concludewith a discussiorin
Section6.

2 Related Work

Ourwork builds onpreviouswork in theareasf staticanddynamic
deformationshierarchicaimethodsandsubdvision.

Early work on deformationsfocused on non-dynamictech-
nigues.Theintroductionof free-formdeformation(FFD) by Seder
berg et al. [38] allowed objectsto be deformedindependenif
their structureby embeddingthem in easily-parameterizedo-
mains. MacCraclen and Joy developedthree-dimensiondhttice
subdvision, an extensionof Catmull-Clark subdvision surfaces,
for the purposeof easingthe topologicalrestrictionsof FFD. An-
otherimportantextensionto FFD wastheintroductionof dynamics
by Faloutsoset al. [15]. Our framework builds on both of these
extensionsusinga e xible classof control latticesasin [24], and
embeddingbjectsin dynamicfree-formlatticesasin [15]. But un-
like[15], wherea diagonalstiffnessmatrix is emplo/ed, we usethe
nite elementmethodto simulatethe dynamicsof the embedded
object.

Theuseof physically-basedieformablemodelsin graphicswas
pioneeredy Terzopoulostal. [42]. Theoriginalwork appliedthe
Lagrangianequationsof motion usinga nite differencescheme
to simulateelastic objectswith regular parameterizations.Their
framevork wasextendedo includeinelasticbehaiors [41], andto
handlestiff rotatingbodiesusinglinearizedequationg44].

Physically-baseddeformationshave since been extended in
mary ways. PlattandBarr [33] introducedbetterconstrainthan-
dling via Lagrangemultipliers. Pentlandand Williams [31] ob-
tainedrealtime simulationsby usingonly a few vibration modes.
Witkin and Welch [46] introducedthe use of low-order polyno-
mial deformationsto achieve fast deformationsto which Baraf
andWitkin [3] addedhon-penetrationonstraintsMetaxasandTer
zopoulos[28] combinedglobal deformationswith local nite ele-
mentdeformations.O'Brien andHodgins[29] computedrealistic
fracturesof viscoelastidodiesusinga nite elemenframeworkin
which objectsareapproximatedy a ne tessellatiorof tetrahedra.
A similar framevork wasusedby Picinbonoet al. [32] to achieve
interactive simulationsof a virtual liver composedf about2000
tetrahedraBut we areinterestedn interactvely deformingobjects
thatcannotbe approximatedvell by sofew tetrahedra.

Deformablesurfaceshave alsobeenusedfor geometricmodel-
ing. Celniker and Gossard9] appliedthe nite elementmethod
to minimize surfaceenegy while meetingconstraints Theseideas



Fromthe proceeding®f the 2002ACM SIGGRAPHSymposiunon ComputerAnimation

werelaterextendedo NURBSby TerzopouloandQin [43] andto
Catmull-Clarksubdvision surfacesby Qin etal. [36].

For someapplicationsdynamic motion has not beendeemed
necessaryo static and quasi-statiaonethodshave beenemplo/ed
[6,18,21,22,37]. Sinceourinterests in realisticmotion,we build
ondynamicmethods.

Implicit solvers have beenenjgying a renaissancén dynamic
deformationgor computemgraphicsn recentyears.Terzopoulost
al. [41, 42] usedsemi-implicitsolversin their initial work. Baraf
andWitkin [4] usedanimplicit schemeo greatlyimprovethespeed
andstability of cloth simulation. Desbrunet al. [14] useda semi-
implicit schemeo stabilizestiff systemsHauthandEtzmusg20]
recently shaved that the implicit methodBDF(2), which factors
in onestateof historyin additionto the currentandfuture states,
producedastandaccurateesultsfor cloth simulations.

As notedin the introduction,we simulateusing a hierarchical
basis.Suchbasediave beerwidely studiedin the eld of numerical
analysis(see,e.g.,[2]). Ourwork wasthusinspired,but our focus
is on building a usefulframenork for computeranimation.

Inthe eld of computegraphicshierarchicamethod$ave been
usedto solve mary problemsincluding rendering[17], geometric
modeling[16], anddeformablemodelsimulations.Terzopoulost
al. [41] employed a multigrid solver on a rectanguladomain. De-
bunneetal.[11] creatednteractive simulationsusinganoctreerep-
resentationadaptve in both spaceandtime. To animatea surface,
the surfacepoints are linked to the grid by a weighting scheme.
Our framework is similarin thatwe embedobjectsin domainghat
are easierto parameterizehanthe objectitself. But sincewe do
not requirethatthe domainbe a parallelepipedye can t it more
closelyto the underlyingobject. Later, Debunneet al. [12] devel-
opedan adaptve framework for deformablemodelsemploying an
unstructurechierarcly of tetrahedraimesheq12]. At eachlevel
of the hierarcly the objectis approximatedy a tetrahedramesh.
In our framevork, coarsesimulationsdo not requirethat the ob-
jectbecoarselyapproximatedOur coarsesimulationgfactorin the
detailedshapeand materialpropertiesof the entire object, as ap-
proximatedata ne level of detail duringthe preprocessingtage.
Recently Grinspunet al. [19] have developeda generalmethod
for organizinghierarchicakimulationsnvolving re nable function
bases.

Subdvision schemeshave also been used for simulation.
WeimerandWarren[45] employed 3D subdvision to solve PDEs
associateavith uid ow. Cirak etal. [10] employed subdvision
surfacesto solve thin shell nite elementproblems exploiting the
smoothnessf subdvision basisfunctionsto satisfythe integrabil-
ity requirementsf thin shellelementsMcDonnelletal. simulated
volumetricsubdvision objectsusinga mass-springnodel[26] and
thenappliedthe nite-elementmethodologyto the problem[27].

3 Formulation

In this sectionwe describeour framework for computingthe elas-
tic dynamicsof an elasticbody We modelthe dynamicsof the
deformablebody asa systemof second-ordeordinarydifferential
equationsobtainedby applyingthe nite elementmethod(FEM)
to the Lagrangianformulation of the equationsof elasticity (see

[39, 30, 34)).
To establishnotation, we begin with a quick review of the
method. Considera body whosereststateis de ned by a domain
R3. Thetrajectoryof the body over time is representety a

function

p: RI R®: (x;t) 7! p(x;t) (1)

It is corvenientto decompos (X;t) asthe sumof thereststate
andadisplacement

p(x;t) = x + d(x;t): 2

The functiond is the solutionof a systemof second-ordepartial
differentialequationswhich we wantto approximateby a ( nite)
systemof second-ordeordinarydifferentialequations.

This is donevia a hierarchical basis[2] of piecavise smooth
functionson . RoughlyspeakingacollectionB = f #(x) :a=
1;2;:::giscalledahierarchicabasisf thediameteiof thesupport
of 2 decreaseasa increases. Expressinghe stateof thebodyin
termsof B yieldsthe expansion

p(x;t) = (ra+ ga(t)) *(x) = (ra+qa(t) °(x) (3
wherer, andqa(t) areelementof R® and
X =ra 2(X) 4

is the expansionof theidentity map. We usethe Einsteinsumma-
tion conventionsthroughouthis paper:ary termthatcontainsthe
sameindex asbotha subscriptanda superscriptmpliesa summa-
tion over thatindex.

We representhe stateof the body at time t asa columnvec-
tor of generalizeccoordinatesy = q(t) whosea-th component
is ga(t) 2 R®. Thusboththekinetic enegy T andthe potential
enepgy V arefunctionsof q:

T =T(q) andV = V(q) (5)

whereqg denoteghetime derivative of g. The equationf motion
arethenthe Euler-Lagrange equations

d @@ , @@, g

a @ @

where@ =@ and@/=@ denotegradientsvith respecto g andq,
respectiely. ThetermQ®* is agenealizedforcecorrespondingo
externalbodyforces,suchasgravity. Thelasttermis ageneralized
dissipatve force, addedto simulatethe effect of friction. A more
realisticdampingtermcouldeasilybeadded(seee.g.,[29]).

In the following subsectionswe discussn detail our construc-
tion of ahierarchicabasisandthe derivation of thetermsof Equa-
tion (6).

a=0 (6)

3.1 The Hierarchical Basis

Ourconstructiorof ahierarchicabasisof functionson isagener
alizationto subdvision functionsof the embeddingnethodscom-
monly usedin the nite elementcommunity underthe headings
ctitious componenor ctitious domainmethods[5, 25]. Rather
than attemptingto constructa basisof functionson the (perhaps
irregular)region , oneinsteadviews asembeddedn aregular
regionN (for instancea cubein R®) onwhich a hierarchicabasis
of functionsis known. Restrictionto theninducesa collection
of functionson the original domain. Color Platesl(a)and1(d) il-
lustratethe ctitious domainapproachappliedto a dragon-shaped
region.

More generally considera (piecevise smooth)homeomorphism

h:K! N R*:u7! h(u) 7)

from a three-dimensionahexahedralcomplex K, which we call
a contmol lattice, onto a supersetN . Denotethe pre-image
of underh byD = h () K. Figure1 illustratesthe
relationshipbetweeranobject andahexahedratomple<K . The
homeomorphisnh canthen be usedto transferary hierarchical
constructioronK tooneonN .

1it is alsodesirablehatB bewell-behaedwith respecto thel 2-inner
productonL2() .
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Figure 1: Visualizationof the relationshipbetweenan object anda controllattice
K . ThelatticeK parameterizedl , whichis asupersebf |, viathefunctionh. The
pre-imageof underh isD .

We usesubdvision ruleson the controllattice K to de ne both
the homeomorphisnin anda hierarchicalbasisB of functionson

. The subdvision framework givestopological e xibility andis
intrinsically hierarchical. Our currentimplementationbasedon
hexahedralsubdvision, supportdrilinear subdvision [7], the sub-
division solidsintroducedby MacCraclenandJoy [24], which are
ageneralizatiorof Catmull-Clarksubdvision surfaceg8], andthe
schementroducedecentlyby Bajajetal. [1]. In all threecasesywe
supportonly thosecontrol latticesthat resultin hexahedralcom-
plexes after one subdvision step. This restrictionis requiredin
orderto ensurehatall objectsareparameterizely the controllat-
tice in the obviousway. It still allows a variety of polyhedralcells,
including hexahedratetrahedraandtriangularprisms. While less
hasbeenprovenaboutthe smoothnessf the MacCraclenandJoy
schemeéhanthatof Bajaj etal., we have foundthatthe formerpro-
ducessurfacesthataremorevisually pleasing.Thereforewe used
thetrilinearandMacCraclen-Jy schemegor the examplesshavn
in this paper

Both trilinear and MacCraclen-Jy subdvision schemegyive
rise to in nite sequencesf nestedfunction spaceq23] spanned
by the elementsof a hierarchicalbasisB = f 2(u)g. Each nite
dimensionabkpacés spannedy asetof functions,onecorrespond-
ing to eachvertex of the subdvided control lattice. Using a stan-
dardconstruction(see,e.g.,[40]), we form a hierarchicabasisby
selectinga linearly independensubsebf thesebasisfunctions.

At the coarsestevel are the basisfunctionsthat correspondo
the original verticesin the controllattice. We denotethe setof ba-
sisfunctionsat the coarsestevel by Bo = f §g, wherethe index
a rangevertheverticesof Ko = K. Repeatedubdvision of K
introducesanincreasinglyne sequencef compleesk  (seeFig-
ure2). Applying subdvision to thecomplex K i givesriseto basis
functionsatlevel k. ThebasisBy is inductively formedfrom Bk 1
by appendinghebasisfunctions § onK wherea rangeverthe
setof odd verticesof K (verticesintroducedwhenwe subdvide
Kk 1). ThehierarchicabasisB is theunionof thenestedsequence

Bo B1 B, L (8)

Noticethattheindex k is redundanbecauseachvertex a appears
at a uniquesubdvision level k. We, therefore,drop the index k,
writing 2 insteadof (.

Thehomeomorphisrh is formedby takingalinearcombination
of the coarsebasisfunctions:

h(u) = ha § 9)

whereh, 2 R®. We notethatnotevery setof coefcients f h, g de-
nes ahomeomorphismUnfortunatelywe do notknow of aneasy
wayto detectoverlapin h, sowe resortto numericalapproximation

Figure2: On theleft is a control lattice. In the top row the control lattice hasbeen
subdvidedonce(center)andin®nitely (right) usingtrilinear subdvision. In thebottom
row, theMacCraclen-Jy schemgaugmentedvith thesharpsurfacerulesof [13]) has
beenused.In therightmostimagesthe objecthasbeentexturedto indicatethe surface
of avolumetricparameterization.

to verify thath is indeedahomeomorphismEigure2 shavs exam-
plesof atrilinear anda MacCraclen-Jg subdvision solid thatare
parameterizethy a controllattice. Color Plate2(b) showvs another
exampleof aregion parameterizedsingtrilinear subdvision.

Althoughtheelementof B arede nedonall of K , we areonly
interestedn their valueson D, sowe view themasfunctionson
D, deletingfrom B all functionswhosesupportis disjointfrom D .
Finally, by composingwith h, the elementsof B can be treated
as functionson This is corvenientbecausehe equationsof
elasticityareeasiesto describen Euclideancoordinatesin Color
Plate2(c) theverticesof a subdvided controllattice have beencol-
oredto indicatethe structureof the hierarchicabasis.

3.2 Derivation of the Equations of Motion

Thekinetic enegy T (q), the potentialenegy V (q), andthe gen-

eralizedforces,canall be expressedasintegrals over the domain
. To derive the equationsof motion, we needonly expresseach

integralin termsof integralsinvolving the basisfunctions 2.

3.2.1 Kinetic Energy

Thestandardie nition of thekinetic enegy of amoving bodyis:

Z
1
(x)p pdv=:M"ag, g (10)

T =
2

1
2

where (x) is the massdensityof thebody, and

z
M = SR \V (11)
Equation(10) yieldstheformula
d a _ :
at @_ =Mg: (12)

ThematrixM , composeaf theelementd M a wherel isa3 3
identity matrix, is commonlyreferredto asthe massmatrix. We
discusdts computationin Section4.1.

3.2.2 Potential Energy

The potentialenegy of an elasticbody is basedon measuringhe
strain or distortion presentin the body. Greens straintensoris a
commonmeasuref strain:

—@+@jj+

o "o ta ‘e e (13)
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A relatedconceptis that of stress(also a tensor),which mea-
suresthe forcespresenin a continuousbody For linear (stresss
proportionalto strain)andisotropicbodies stresshasthefollowing
relationto strain:

j =26 5 U (€) i + & (14)
wheretr (e) = i ej . ThescalarG, calledthe shearmodulus
determineshow easilythe body deforms,andthe scalar , called
Poissons ratio, determinediow strainsin perpendiculadirections
relate.

The potentialenegy V, analogougo computingwork asforce
timesdistance s computedby taking the componentwisgroduct

of thestressandstraintensors:
Z

V = G

3 trie)+ " “exe dv: (15)
By combiningEquations3, 13, and 15 we canexpressthe elastic
potential V andits derivatives (with respectto q) as polynomial
functionsof gq. The coefcients of thesepolynomialsareintegrals
thatcanbe precomputedWe referto thesecoefcients asthe stiff-
nesdntegrals. Theirexactform canbefoundin theappendiyof [7].

The matrix gé} , which is neededduring the simulation,is com-
monly referredto asthe stiffnessmatrix.

3.2.3 External Forces

We addresswo speci ¢ typesof externalforces:gravity (Q9) and
constraintgQ°). We addtheir generalizedorce contritutionsto
computethe aggrgjategeneralizedorceQ®* = Q9 + Q°.

Gravity. Gravity is an exampleof a bodyforce that affectsall
pointsinsidethe body. We treatgravity asa constantacceleration
eld speci edby thevectorg. Thegravitationalpotentialenegy is
thentheintegral

VA Zz
Vg = g pdv = g gadV: (16)
Thegenerlizedgravitationalforceis the gradient
z
@,
I= =2 = fdv g: 17
Qa an. g 7

The above force canbeinterpretedasthe familiar mg exceptthat
the masstermrepresentsll of the massassociateavith a particu-
lar basisfunction. Generalizedorcesfor otherconserative force
elds canbederivedsimilarly.

Constraints. Using Lagrangemultipliers, we supportstandard
constraintghatcanbe describediy equationsof theform C = 0.
For example ,we canconstraina bodypoint P with coordinatesio
to coincidewith thearbitrarypoint Py asfollows:

0=C(qQ)=P Po=0qa *(u) Po: (18)

3.2.4 System of Equations
Choosinga nite activebasis
Ba B; (19)

collectingtogetherthe varioustermscomputedabove, substituting
theminto Equation(6), andapplying Baumarte stabilization(see
[28]) to our constraintsyields the systemof ordinary differential
equations

) a T # ext @

a e« - 2 @ . (o

8B =

As explainedin Section4.5,the elementf B4, andconsequently
the systemof equationsadaptvely changewith eachtime stepof
numericalsolutionof Equation(20).

The Baumgrte stabilization parameters and  control a
dampedspringthatactsto restorethe constraintsvhenthey arenot
beingmet. Dueto the non-linearityof % our systemof equations
is notlinear

4 Simulation

In this sectionwe describethe computationalaspectsf solving
Equation(20) ef ciently .

4.1 Numerical Integration

To speedup thecomputatiorof thetermsin Equation(20), we pre-
computethe mass stiffness,andgravity integralsusingnumerical
quadratureWe rst subdvide to thedesiredevel andcomputethe
valuesof all of the basisfunctionsat eachof the vertices. After

subdviding at leastonce,the domainis composeddf hexahedral
cells, which we proceedo split into tetrahedraWe thencompute
the integrals over eachdomaintetrahedrorusing piecavise linear
approximationgo thebasisfunctions.Sinceat every vertex the Eu-

clideancoordinatesareknown, we cancomputethe spatialderiva-

tivesof the basisfunctionsdirectly without usingknowledgeabout
the parameterizatioof the objectby the complex K .

As describedn Section3.1,we represenfunctionson by re-
strictingfunctionsonK to . Therestrictionis approximatediur
ing numericalquadratureat the level of the tetrahedramentioned
in the previous paragraph.Whencomputingintegralsover , we
do not integrateover tetrahedrahat are deemedo be outsidethe
object. We accomplistthis by regularly samplingeachtetrahedron
andtestingwhetherthe sampledpoint is outsidethe surface. If all
of the sampledpointsare outsidethe surfacethenthe tetrahedron
is discarded.In our currentimplementationtetrahedrahat strad-
dle the surfacecontritute to the computedintegrals (an improve-
mentwould be to weightthe integral over a tetrahedroraccording
to thefraction of samplepointsinsidethe object). Color Plate2(d)
shaws the tetrahedrahat were usedto approximatethe interior of
thedragonmodel.

Thecomputedntegralsinvolve productsof asmary asfour basis
functions(seg[7]), soit is importantto know which basisfunctions
arenonzeroover a giventetrahedronptherwiseall 4-tupleswould
be integrated. We accomplishthis by storingthe basisheightsas
sparsevectorsat eachvertex. Our subdvision schemeoperatesli-
rectly onthe sparsersectorsto computethe basisheights.By exam-
ining the sparsevectorsof basisheightsat eachvertex of atetrahe-
dron,theintegratorknows which basisfunctionsarenonzero.

4.2 Solving the ODEs

Oncewe have precomputedhe massand stiffnessterms,we are
preparedo solwe the systemin Equation(20) togethemwith initial
valuesfor p andp (andthusqg andq). Solutiontechniquesypically
startwith known valuesfor g andg and proceedto computethe
valuesof thesevariablesata sequencef subsequeriointsin time.
Therearetwo commonclassedor solving suchsystemsof dif-
ferentialequations Explicit techniquesomputethe future stateof
the systemusinginformation aboutthe stateof the systemat the
currentand previous timesteps. Forward Euler and Runga-Kutta
areexamplesof suchexplicit methodsImplicit techniquegxpress
the future statein termsof quantitiesevaluatedat the end of the
timestepjn additionto previously known quantities.Implicit meth-
odsaremuchmorestablefor large timestepghanexplicit methods
becauseatherthanjumping blindly forward, the conditionsat the
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future statearetakeninto considerationFor discussion®f implicit
methodssee[4, 20].

We desirea faststablesolution,so we choseto useanimplicit
methodto solve our systemof equations.Applying the methodof
[4], adaptedo our constrainedystemyresultsin thefollowing non-
linearsystemof equations:

" o #
voa Voo
@ 0
Q(go+ h(vo+ h v);veo+ V)
h c e (21)
whereQ = q Q% Q°. We solw the abore systemof
equationdor v usingthe Newton-Raphsomoot- nding method.

The costof this comesprimarily from computingthe stiffnessma-
trix, which is requiredto computethe gradientof Equation(21).
For our simulationswe have found it acceptablgo only perform
oneiteration of Newton-Raphson.This corresponddo lineariza-
tion of Equation(21) ateachtimestep(asin [4]), but shouldnot be
confusedwith the commonlyusedlinearizationof strain,whichis
only accuratdor smalldeformationgwe discusssuchlinearization
in Section4.4). The linear systemshat needto be solved when
performingNewton-Raphsoron Equation(21) are symmetricbut
inde nite, so we solve them using the iterative minres algorithm
(usingsparseamatrices see[35]).

4.3 Runtime Details

Althoughthe interpretationof our objectasa lattice is not needed
by the ODE solwer, we still storea completelattice at the level of
the nest basisfunctions. This is corvenientbecausef the one-
to-onecorrespondendeetweenrlattice verticesandbasisfunctions.
For eachvertex we storethe sparsevectorof basisvalueswhichal-
lows usto evaluatefunctionswithout usinga global synthesisstep.
In the casewherethe objectbeing simulatedis describedoy sub-
division (= N), we performa synthesison the surfaceof the
objectwheneer it needsto be displayed. In orderfor the userto
be able to click on the surfaceand seta constraint,we storethe
surfaceof the objectasatrianglemesh.Thetriangleverticesstore
basisfunctioninformation. This allows usto quickly computethe
parametridocationof the chosersurfacepoint, selectthe relevant
subsebf basisfunctions,andsetup a constraintat thatpoint asin
Section3.2.3.

4.4 Quasi-linearization

For complex modelsin which thereare mary basisfunctions,the
full nonlinearequationf elasticityaretoo expensve to solve in-
teractvely becausesven evaluatingthe stiffnessmatrix once per
simulationstepis costly, andthe equationsof motion mustbe lin-
earized We supportwo methodf linearizationjn additionto the
nonlinearsolver.

If the deformationsare small, the nonlinear terms of strain
(Equation (13)) can be dropped, resulting in the traditional
guadratic(insteadof quartic) elasticpotential,andthusa constant
stiffnessmatrix. If thedeformationgrelargebut differ only slightly
from arigid motionthenthestraincanbelinearizedabouta oating
frameof referencahatroughly tracksthe orientationof the object
(see[44]). If large deformationsarerequiredandsigni cant error
is unacceptablehenthefull non-linearformulationis necessary

Our approachto the large-rotationsmall-deformatiorscenario
deseresfurthercomment.Terzopoulostal. [44] (andsimilarfor-
mulationsin the engineerinditerature,e.g.,[39]) integratea mov-
ing frame of referencento the dynamicequationsaddinggreatly
to thecompleity of theexpositionandimplementationTheframe

of referenceattemptgo trackthe con guration of the objectasif it
werearigid body Besideghe addedcomplexity, anothemproblem
is thatovertime, dueto numericalerror, theframeof referencewill

drift out of alignmentwith thedeformingbody,

Roughly speaking,the error due to linearizing strain is large
whenr d is large. Our approachs to choosean orientationof
thereststateat the beginning of eachtimestepn orderto minimize
r d. To avoid the computationakxpenseof optimizingglobally,
weminimizer d atasinglepointxg, locatedneartherestcenter
of massof the object. The orientationof the reststateis given by
arotationR (x) andis determinedby solving the following equa-
tions:

x+ d(x) = x+ D(x)+ R(x) (22)
r D(Xo)=0 (23)

whereD (x) = d(x) R(x) is adisplacementeld relative to
thenew reststatex + R(x). To rst order R (x) is arotationby
%kr dk radiansaboutther d axis. At the beginning of each
timestepwe rotatethe reststateby R andreplaced by D. Since
the rotation during one timestepis typically small, this rst-order
approximatiorto R (x) performswell.

4.5 Adapting the Basis

Becausethe basisB is hierarchical,it is possibleto adaptvely
choosethe subbasisBa in Equation(19) so that detail is added
whereneededTherearetwo pertinentquestiongegardingadapta-
tion: “howto adapt?”and"“when/whee to adapt?”

The rst questionis easily answeredn our framevork. We
choosea priori amaximumallowablesubdvision level k andpre-
computethe massandstiffnesstermsneededo form the systemin
Equation(20) whenBa = Byg. Thesetermsarestoredin sparse
datastructures.Whena decisionis madeto addor remove a ba-
sis function from the actve basisBa , it is only necessaryo add
or remove (precomputedjermsfrom the currentmassandstiffness
matricegandin thenonlinearcasefo modify % by addingor sub-
tractinghigherorderterms). We notethatthe ideaof adaptingthe
basisis not new (see.g.,[16]), andhasrecentlybeengeneralized
by Grinspunetal. [19].

We addresshe secondjuestionby a heuristicsimilar to theone
usedin [12]: areaf higherdeformationrequiremoredetail. The
elementof By areorganizedinto a tree,with a parent-childrela-
tionshipbetweerbasisfunctionsat adjacensubdvision levelsand
having intersectingsupport. Eachlevel of the hierarcly hastwo
separatehresholdsfor determiningwhento re ne or coarsen.If
the deformationis above the activationthresholdin the region of
supportof abasisfunction 5 thenthechildrenof . areactivated.
A basisfunctionis deactvatedif the deformationis belov the de-
activationthresholdin its region of support. As notedin [12], a
lower deactvationthresholddiscourageshe systemfrom immedi-
atelyremoving newly introducedbasisfunctions.

4.6 Realtime Simulation

In orderto have the appearancef realism,it is importantthatthe
simulationbe not only fast enoughto be interactize, but alsoto
proceedat a consistenpace. Adaptively changingthe basisintro-
ducesvariationin the amountof time requiredto computea sin-
gle timestep. Sinceour simulatorcantake large timestepsve can
remedythis problemby adjustingthetimestepto stayin syncwith
actualtime. For example whenbasisfunctionsareaddedeachstep
of the simulationwill take longerdueto the increasechumberof
degreesof freedomin the system. We compensatéy integrating
overalongerperiodof virtual time duringeachtimestep.

Sowhy nottake arbitrarily largetimestepsFirst, interactve ap-
plicationsdemanchigh framerates.It is bestto displaya new state
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Figure3: Thedeformatiorof anobjectdescribedy MacCraclen-Jy subdvisionwith
sharpsurfacerules. Uponreleasinghe constraint{representedsspheresn the ®rst
frame),the objectdynamicallyvibratesandeventuallyreturnsto its restshape.

of the systemat eachvideo refreshcycle. Second,implicit inte-

grationexactspaymentfor its improved stability. Large timesteps
resultin unrealisticdamping. For thesereasonswe typically set
the timestepto the amountof physical time thatlapsedduring the

previousiterationof simulationanddisplay

5 Results

We now describethe resultsof implementingour framewvork and
runninga variety of simulations.All of the simulationswere per
formed interactively on a standarddesktopPC (Athlon 1.4 GHz,
256 MB ram).

Comparison with Embedding in a Regular Grid. Color
Platel shavs a comparisorbetweerour methodandonein which
the objectis embeddedn a regular grid. In the simulation,posi-
tion constraintswvere usedto stretchthe dragon(by pulling onits
frontandback)andopenits mouth.Despitehaving moredegreeof
freedom,andthusrequiringmorecomputatiortime, thesimulation
basedon a regulargrid is lesscorvincing. Ratherthanhaving the
mouth openandthe body uncoil, aswe would expect, the mouth
andbody seemto stretchuniformly. This effectis causeddy basis
functionswhosesupportspansthe empty regions adjacentto dis-
tinct partsof the dragon,thus correlatingthe motion of partsthat
would not naturally move together In contrast,our methodpro-
ducesa morenaturaldeformationbecausehe grid canbe madeto

t theobjectmuchmoreclosely

Adaptation. Color Plate?2 illustratesour adaptve simulation
algorithm appliedto the dragonmodel. The coarsestievel basis
Bo has88 basisfunctions,while the nest level basisB, has2245
elements.Using the quasi-linearsolver, the simulationtook about
0.02secondperframewhenonly thecoarsebasisis active. At the
level of adaptatiorshavn, eachframerequiredabout0.1 seconds.

Sharp Features. DeRoseand Kass[13] addedrulesfor sharp
featuresto the Catmull-Clark subdvision framework. Sincethe
boundarief MacCraclen-Jy solidsare Catmull-Clarksurfaces,
we caneasilyinclude sharpfeaturesin our framawvork.2 Figure3
shavs a simulationinvolving anobjectwith sharpsurfacefeatures.

Virtual Environments. We have implementeda rudimentary
collision detectionschemeao demonstratéhe feasibility of placing
our objectsin avirtual environment. We usesurfaceconstraintso
stopverticeson the modelfrom passinghroughwalls in the ervi-
ronment. In Figure4 a duckis beingtossedaboutin a box inter
actively. Our quasi-linearizatioschemeperformedasexpected;as
long asdeformationsaremodestheresultsappearealistic.

Varying Material Properties. Our systemsupportsmaterial
propertiesthat vary both spatiallyandtemporally Material prop-
ertiesareincorporatedduring the computationof the stiffnessand
massmatrices. During the quadraturephase the valuesfor , G,
and neednotbeconstantln addition,becaus®ur basisis hierar
chical, materialpropertiesare smoothlyfactoredinto the the mass
andstiffnessmatricesat all levels. For a particulargeneralizedo-
ordinate,the materialpropertiesat all pointsin the supportof its

2We arenot surewhatthe limitations areof addingsharpfeatureso the
surfacesof MacCraclen-Jy solids,but it workswell in practice.

L

Figure4: A collectionof framesfrom aninteractionwith a duckmodel. The duckis
modeleddirectly asa MacCraclen-Jg subdvision solid. The motion of the duckis
limited by the "oorandwall constraints.

Figure5: A cucumbedlike object(modeledasa MacCraclen-Jy subdvision solid),
with a longitudinally varying shearmodulusG. The objectis beingshalen by the
bottomusinga positionconstraint. The bottomis ®m andmaintainsits shapewhile
thetop deformsdrastically

associatedbasisfunction are factoredinto the computationof the
massand stiffnessmatrices.Consequentlythe materialproperties
of theobjectarecorrectlymodeled gvenwhenonly a subsebf the
basisis usedin the simulation. For instance the shearmodulusG
of theobjectin Figure5 variesalongits length. Whenit is shalen,
one endwobbleslike soft rubberwhile the otherremainsalmost
rigid.

An easyway to representarying material propertiesover the
bodyis to usethe coarsesubdvision basis. Thenwe needonly to
specifycontrolvaluesat the coarsdevel vertices. The subdvision
rulesgeneratevaluesthroughouthe object.

We alsoallow thesheamodulusG to be scaledglobally at run-
time. This doesnot requirere-computatiorbecauset uniformly
scalegheentirestiffnessmatrix. ScalingG globally makesthe ob-
jectseemmoreor less rm.

6 Conclusion

In this paperwe have presented frameavork for the simulationof
elasticdeformablesolids. Our framevork is easyto useandcreates
fastrealisticsimulationsof complex objects. By working within a
subdvision framavork we inherit topological e xibility anda hi-
erarchicabasis.In this frameavork, we have beenableto simulate
elasticdeformablemodelsof moderateeompleity andhaving spa-
tially varyingmaterialpropertiesatinteractve rates.

Therearemary directionsfor future work. Becausenteractize
simulationsareeasietto experimentwith, ourexamplesnvolverel-
atively simple simulations. We plan to apply this framework to
morecomplex scenariosn thefuture. Anotherareaof futurework
is to discover usesfor the sharpinternal featuressupportedy the
schemeof Bajaj etal. [1]. Realobjectsdo have sharpinternaldis-
continuities,suchasat the boundarief bones.We have alsonot
addressetheproblemof selfcollision, whichis importantfor more
generakimulations.

Anotherinterestingissueis whethera more sophisticatedunc-
tion basiscouldbeusefulin thisframeavork. We have experimented
with applyingthe lifting schemeto our basesbut in our current
frameawork thebene tsareunclearandthecostsaresigni cant (due
to increasediensityof themassandstiffnessmatrices).Thechoice
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of basiswould probablybe muchmorecritical if we wereusinga
hierarchicalsolver suchasmultigrid, anotherareafor future work.
A majorimpraovementover the currentframevork would beto im-
plementanadaptve hierarchicakolverwith provableerrorbounds.
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ColorPlatel: A comparisorof simulationsusingaregulargrid (top row) anda subdvision controllattice (bottomrow). Theleft imagesshov thedragonin its reststatesurrounded
by (a) a regular grid (375 degreesof freedom)and (d) a subdvision control lattice (264 degreesof freedom). The centerimagesshav a simulationin which positionconstraints

have beenusedto stretchthe dragonandopenits mouth. Black spheresepresenpositionconstraintsandred spheresepresenthe degreesof freedomof the system.In bothcases,
trilinear basisfunctionswereused.Therightmostimagesshav the deformedstateof the dragon.

ColorPlate2: (a) Thedragonin its reststate.(b) A trilinear subdvision volumethatsurroundgshedragon.Thesurfacehasbeentexturedto indicatehow thevolumeis parameterized.
(c) Thehierarchicaktructureof the subdiision volume.Redspheregorrespondo level 0 basisfunctions,greento level 1, andblueto level 2. (d) Thetetrahedrabpproximatiorof

thedragonthatis usedto computeintegralsover its interior (i.e., for numericalquadrature)(e) Thedragonbeingdeformedby a positionconstrainpulling on the upperlip. (f) The
basisfunctionsintroducedby the adaptve solver.



