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Abstract

We presenta novel framework for thedynamicsimulationof elas-
tic deformablesolids. Our approachcombinesclassical�nite el-
ementmethodologywith a multiresolutionsubdivision framework
in orderto producefast,easyto use,andrealisticanimations.We
representdeformationsusingahierarchicalbasisconstructedusing
volumetricsubdivision. Thesubdivision framework providestopo-
logical �e xibility andthehierarchicalbasisallowsthesimulationto
adddetailwhereit is needed.Sincevolumetricparameterizationis
dif�cult for complex models,we supporttheembeddingof objects
in domainsthatareeasierto parameterize.
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1 Intr oduction

With advancesin computeranimationover the pastfew decades,
peoplehave cometo expecta high degreeof realism. A common
wayto achievesuchrealismis to painstakinglycrafteachkeyframe,
but this requiresa tremendousamountof laborandskill. An alter-
native is to endow animatedobjectswith physical propertiesand
allow themto moveautomaticallyaccordingto physicallaws. This
approachis especiallyappealingbecauseit promisesincreasedreal-
ism while simultaneouslyreducingthehumanworkload.But such
simulationsarecomputationallyexpensiveanddif�cult to setup.

In this paperwe introducea new framework for dynamicdefor-
mationsthat is fastandeasyto use,andproducesrealisticresults.
Ourmethodcanbeappliedto complex objects,anddoesnotdepend
on therepresentationof theobjector its surface.

In our framework, the domainof deformationis describedby
volumetric subdivision. Applying the principles of subdivision,
we constructa hierarchicalbasisto representdisplacements.We
thenformulatetheequationsof motion for a dynamicallydeform-
ing elasticsolid in termsof the hierarchicalbasis. This formula-
tion de�nes the temporalbehavior of the basiscoef�cients in the
presenceof body forcesandconstraintforces. The mathematical
framework andequationsof motionaredescribedin Section3.
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Within this framework, we constructa robust dynamicsimu-
lator that employs an implicit solver, permitting us to take large
timestepswithout succumbingto instabilities. Spatially varying
material propertiesare accommodated,regardlessof the resolu-
tion of the simulation. ExternalconstraintsarehandledusingLa-
grangemultipliers.Usingthehierarchicalbasis,oursimulationcan
adaptin order to concentratecomputationalresourceswherethey
areneeded.We introducea new methodof quasi-linearizationof
theequationsof motion that is effective but simplerthanthestan-
dardmethod.Oursimulatoris describedin Section4.

In Section5 we describesomeresultinginteractive simulations
built usingour framework, andwe concludewith a discussionin
Section6.

2 Related Work

Ourwork buildsonpreviouswork in theareasof staticanddynamic
deformations,hierarchicalmethods,andsubdivision.

Early work on deformationsfocused on non-dynamictech-
niques.Theintroductionof free-formdeformation(FFD)by Seder-
berg et al. [38] allowed objectsto be deformedindependentof
their structureby embeddingthem in easily-parameterizeddo-
mains. MacCracken andJoy developedthree-dimensionallattice
subdivision, an extensionof Catmull-Clarksubdivision surfaces,
for the purposeof easingthe topologicalrestrictionsof FFD. An-
otherimportantextensionto FFDwastheintroductionof dynamics
by Faloutsoset al. [15]. Our framework builds on both of these
extensions,usinga �e xible classof control latticesasin [24], and
embeddingobjectsin dynamicfree-formlatticesasin [15]. But un-
like [15], whereadiagonalstiffnessmatrix is employed,weusethe
�nite elementmethodto simulatethe dynamicsof the embedded
object.

Theuseof physically-baseddeformablemodelsin graphicswas
pioneeredby Terzopoulosetal. [42]. Theoriginalwork appliedthe
Lagrangianequationsof motion using a �nite differencescheme
to simulateelasticobjectswith regular parameterizations.Their
framework wasextendedto includeinelasticbehaviors [41], andto
handlestiff rotatingbodiesusinglinearizedequations[44].

Physically-baseddeformationshave since been extended in
many ways. Platt andBarr [33] introducedbetterconstrainthan-
dling via Lagrangemultipliers. Pentlandand Williams [31] ob-
tainedrealtimesimulationsby usingonly a few vibration modes.
Witkin and Welch [46] introducedthe useof low-order polyno-
mial deformationsto achieve fast deformations,to which Baraff
andWitkin [3] addednon-penetrationconstraints.MetaxasandTer-
zopoulos[28] combinedglobal deformationswith local �nite ele-
mentdeformations.O'Brien andHodgins[29] computedrealistic
fracturesof viscoelasticbodiesusinga �nite elementframework in
whichobjectsareapproximatedby a �ne tessellationof tetrahedra.
A similar framework wasusedby Picinbonoet al. [32] to achieve
interactive simulationsof a virtual liver composedof about2000
tetrahedra.But weareinterestedin interactively deformingobjects
thatcannotbeapproximatedwell by sofew tetrahedra.

Deformablesurfaceshave alsobeenusedfor geometricmodel-
ing. Celniker andGossard[9] appliedthe �nite elementmethod
to minimizesurfaceenergy while meetingconstraints.Theseideas
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werelaterextendedto NURBSby TerzopoulosandQin [43] andto
Catmull-Clarksubdivisionsurfacesby Qin etal. [36].

For someapplicationsdynamic motion has not beendeemed
necessaryso staticandquasi-staticmethodshave beenemployed
[6, 18, 21,22,37]. Sinceour interestis in realisticmotion,webuild
ondynamicmethods.

Implicit solvers have beenenjoying a renaissancein dynamic
deformationsfor computergraphicsin recentyears.Terzopouloset
al. [41, 42] usedsemi-implicit solversin their initial work. Baraff
andWitkin [4] usedanimplicit schemeto greatlyimprovethespeed
andstability of cloth simulation. Desbrunet al. [14] useda semi-
implicit schemeto stabilizestiff systems.HauthandEtzmuss[20]
recentlyshowed that the implicit methodBDF(2), which factors
in onestateof history in additionto the currentandfuture states,
producesfastandaccurateresultsfor clothsimulations.

As notedin the introduction,we simulateusinga hierarchical
basis.Suchbaseshavebeenwidely studiedin the�eld of numerical
analysis(see,e.g.,[2]). Our work wasthusinspired,but our focus
is onbuilding ausefulframework for computeranimation.

In the�eld of computergraphics,hierarchicalmethodshavebeen
usedto solve many problemsincluding rendering[17], geometric
modeling[16], anddeformablemodelsimulations.Terzopouloset
al. [41] employeda multigrid solver on a rectangulardomain.De-
bunneetal. [11] createdinteractivesimulationsusinganoctreerep-
resentation,adaptive in bothspaceandtime. To animatea surface,
the surfacepoints are linked to the grid by a weighting scheme.
Our framework is similar in thatwe embedobjectsin domainsthat
areeasierto parameterizethanthe object itself. But sincewe do
not requirethat thedomainbea parallelepiped,we can�t it more
closelyto theunderlyingobject. Later, Debunneet al. [12] devel-
opedanadaptive framework for deformablemodelsemploying an
unstructuredhierarchy of tetrahedralmeshes[12]. At eachlevel
of thehierarchy theobjectis approximatedby a tetrahedralmesh.
In our framework, coarsesimulationsdo not requirethat the ob-
jectbecoarselyapproximated.Ourcoarsesimulationsfactorin the
detailedshapeandmaterialpropertiesof the entireobject,asap-
proximatedat a �ne level of detailduring thepreprocessingstage.
Recently, Grinspunet al. [19] have developeda generalmethod
for organizinghierarchicalsimulationsinvolving re�nable function
bases.

Subdivision schemeshave also been used for simulation.
WeimerandWarren[45] employed3D subdivision to solve PDEs
associatedwith �uid �o w. Cirak et al. [10] employed subdivision
surfacesto solve thin shell �nite elementproblems,exploiting the
smoothnessof subdivision basisfunctionsto satisfytheintegrabil-
ity requirementsof thin shellelements.McDonnelletal. simulated
volumetricsubdivisionobjectsusingamass-springmodel[26] and
thenappliedthe�nite-elementmethodologyto theproblem[27].

3 Form ulation

In this sectionwe describeour framework for computingtheelas-
tic dynamicsof an elasticbody. We model the dynamicsof the
deformablebodyasa systemof second-orderordinarydifferential
equationsobtainedby applying the �nite elementmethod(FEM)
to the Lagrangianformulation of the equationsof elasticity (see
[39, 30,34]).

To establishnotation, we begin with a quick review of the
method.Considera bodywhosereststateis de�ned by a domain

 � R3 . The trajectoryof thebodyover time is representedby a
function

p : 
 � R ! R3 : (x ; t) 7! p(x ; t) (1)

It is convenientto decomposep(x ; t) asthe sumof the reststate
andadisplacement

p(x ; t) = x + d(x ; t) : (2)

The function d is the solutionof a systemof second-orderpartial
differentialequations,which we want to approximateby a (�nite)
systemof second-orderordinarydifferentialequations.

This is donevia a hierarchical basis[2] of piecewise smooth
functionson
 . Roughlyspeaking,acollectionB = f � a (x ) : a =
1; 2; : : : g is calledahierarchicalbasisif thediameterof thesupport
of � a decreasesasa increases.1 Expressingthestateof thebodyin
termsof B yieldstheexpansion

p(x ; t) =
X

a

(r a + qa (t)) � a (x ) = (r a + qa (t)) � a (x ) (3)

wherer a andqa (t) areelementsof R3 and

x = r a � a (x ) (4)

is theexpansionof the identity map. We usetheEinsteinsumma-
tion conventionsthroughoutthis paper:any termthatcontainsthe
sameindex asbotha subscriptanda superscriptimpliesa summa-
tion over thatindex.

We representthe stateof the body at time t as a columnvec-
tor of generalizedcoordinatesq = q(t) whosea-th component
is qa (t) 2 R3 . Thusboth the kinetic energy T andthe potential
energy V arefunctionsof q:

T = T( _q) andV = V (q) (5)

where _q denotesthetime derivative of q. Theequationsof motion
arethentheEuler-Lagrangeequations

d
dt

�
@T( _q)

@_q

�
+

@V (q)
@q

+ Q ext � � _q = 0 (6)

where@T=@_q and@V=@q denotegradientswith respectto _q andq,
respectively. ThetermQ ext is ageneralizedforcecorrespondingto
externalbodyforces,suchasgravity. Thelasttermis ageneralized
dissipative force,addedto simulatethe effect of friction. A more
realisticdampingtermcouldeasilybeadded(see,e.g.,[29]).

In the following subsections,we discussin detail our construc-
tion of a hierarchicalbasisandthederivationof thetermsof Equa-
tion (6).

3.1 The Hierar chical Basis

Ourconstructionof ahierarchicalbasisof functionson
 isagener-
alizationto subdivision functionsof theembeddingmethodscom-
monly usedin the �nite elementcommunityunder the headings
�ctitious componentor �ctitious domainmethods[5, 25]. Rather
than attemptingto constructa basisof functionson the (perhaps
irregular) region 
 , oneinsteadviews 
 asembeddedin a regular
regionN (for instance,a cubein R3) on whicha hierarchicalbasis
of functionsis known. Restrictionto 
 theninducesa collection
of functionson theoriginal domain.Color Plates1(a)and1(d) il-
lustratethe �ctitious domainapproachappliedto a dragon-shaped
region.

Moregenerally, considera (piecewisesmooth)homeomorphism

h : K ! N � R3 : u 7! h(u) (7)

from a three-dimensionalhexahedralcomplex K , which we call
a control lattice, onto a supersetN � 
 . Denotethe pre-image
of 
 underh by D = h � 1(
) � K . Figure 1 illustratesthe
relationshipbetweenanobject
 andahexahedralcomplex K . The
homeomorphismh can then be usedto transferany hierarchical
constructiononK to oneonN .

1It is alsodesirablethatB bewell-behavedwith respectto theL 2 -inner
productonL 2 (
) .
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Figure1: Visualizationof the relationshipbetweenan object
 anda control lattice
K . ThelatticeK parameterizesN , which is a supersetof 
 , via thefunctionh . The
pre-imageof 
 underh is D .

We usesubdivision ruleson thecontrol latticeK to de�ne both
the homeomorphismh anda hierarchicalbasisB of functionson

 . The subdivision framework givestopological�e xibility andis
intrinsically hierarchical. Our currentimplementation,basedon
hexahedralsubdivision, supportstrilinear subdivision [7], thesub-
division solidsintroducedby MacCrackenandJoy [24], which are
a generalizationof Catmull-Clarksubdivision surfaces[8], andthe
schemeintroducedrecentlyby Bajajetal. [1]. In all threecases,we
supportonly thosecontrol latticesthat result in hexahedralcom-
plexes after one subdivision step. This restriction is requiredin
orderto ensurethatall objectsareparameterizedby thecontrollat-
tice in theobviousway. It still allows a varietyof polyhedralcells,
including hexahedra,tetrahedraandtriangularprisms. While less
hasbeenprovenaboutthesmoothnessof theMacCrackenandJoy
schemethanthatof Bajajetal.,wehave foundthattheformerpro-
ducessurfacesthataremorevisually pleasing.Thereforewe used
thetrilinearandMacCracken-Joy schemesfor theexamplesshown
in thispaper.

Both trilinear and MacCracken-Joy subdivision schemesgive
rise to in�nite sequencesof nestedfunction spaces[23] spanned
by theelementsof a hierarchicalbasisB = f � a (u)g. Each�nite
dimensionalspaceis spannedby asetof functions,onecorrespond-
ing to eachvertex of the subdivided control lattice. Using a stan-
dardconstruction(see,e.g.,[40]), we form a hierarchicalbasisby
selectinga linearly independentsubsetof thesebasisfunctions.

At the coarsestlevel are the basisfunctionsthat correspondto
theoriginal verticesin thecontrol lattice. We denotethesetof ba-
sis functionsat thecoarsestlevel by B0 = f � a

0 g, wherethe index
a rangesover theverticesof K 0 = K . Repeatedsubdivision of K
introducesanincreasingly�ne sequenceof complexesK k (seeFig-
ure2). Applying subdivision to thecomplex K k givesriseto basis
functionsat level k. ThebasisBk is inductively formedfrom Bk � 1

by appendingthebasisfunctions� a
k onK k wherea rangesoverthe

setof odd verticesof K k (verticesintroducedwhenwe subdivide
K k � 1). ThehierarchicalbasisB is theunionof thenestedsequence

B0 � B1 � B2 � : : : (8)

Noticethattheindex k is redundantbecauseeachvertex a appears
at a uniquesubdivision level k. We, therefore,drop the index k,
writing � a insteadof � a

k .
Thehomeomorphismh is formedby takingalinearcombination

of thecoarsebasisfunctions:

h(u) = ha � a
0 (9)

whereha 2 R3 . Wenotethatnoteverysetof coef�cients f h a g de-
�nes ahomeomorphism.Unfortunately, wedonotknow of aneasy
wayto detectoverlapin h, soweresortto numericalapproximation

Figure2: On the left is a control lattice. In the top row the control lattice hasbeen
subdividedonce(center)andin®nitely (right) usingtrilinearsubdivision. In thebottom
row, theMacCracken-Joy scheme(augmentedwith thesharpsurfacerulesof [13]) has
beenused.In therightmostimagestheobjecthasbeentexturedto indicatethesurface
of avolumetricparameterization.

to verify thath is indeedahomeomorphism.Figure2 showsexam-
plesof a trilinear anda MacCracken-Joy subdivision solid thatare
parameterizedby a control lattice. Color Plate2(b) shows another
exampleof a regionparameterizedusingtrilinearsubdivision.

Althoughtheelementsof B arede�ned onall of K , weareonly
interestedin their valueson D , so we view themasfunctionson
D , deletingfrom B all functionswhosesupportis disjoint from D .
Finally, by composingwith h, the elementsof B can be treated
as functionson 
 . This is convenientbecausethe equationsof
elasticityareeasiestto describein Euclideancoordinates.In Color
Plate2(c) theverticesof asubdividedcontrollatticehavebeencol-
oredto indicatethestructureof thehierarchicalbasis.

3.2 Deriv ation of the Equations of Motion

Thekinetic energy T( _q), thepotentialenergy V (q), andthegen-
eralizedforces,canall be expressedas integralsover the domain

 . To derive the equationsof motion,we needonly expresseach
integral in termsof integralsinvolving thebasisfunctions� a .

3.2.1 Kinetic Energy

Thestandardde�nition of thekineticenergy of amoving bodyis:

T =
1
2

Z



� (x) _p � _p dV =

1
2

M ab _qa � _qb (10)

where� (x) is themassdensityof thebody, and

M ab =
Z



� � a � b dV: (11)

Equation(10)yieldstheformula

d
dt

�
@T
@_q

�
= M •q : (12)

ThematrixM , composedof theelementsI M ab , whereI is a3� 3
identity matrix, is commonlyreferredto as the massmatrix. We
discussits computationin Section4.1.

3.2.2 Potential Energy

Thepotentialenergy of anelasticbody is basedon measuringthe
strain or distortionpresentin the body. Green's straintensoris a
commonmeasureof strain:

eij =
@di

@x j
+

@dj

@x i
+ � k l

@dk

@x i

@dl

@x j
: (13)

3
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A relatedconceptis that of stress(alsoa tensor),which mea-
suresthe forcespresentin a continuousbody. For linear (stressis
proportionalto strain)andisotropicbodies,stresshasthefollowing
relationto strain:

� ij = 2G
�

�
1 � 2�

tr (e)� ij + eij

�
(14)

wheretr (e) = � ij eij . The scalarG, called the shearmodulus,
determineshow easily the body deforms,andthe scalar� , called
Poisson's ratio, determineshow strainsin perpendiculardirections
relate.

The potentialenergy V , analogousto computingwork asforce
timesdistance,is computedby taking thecomponentwiseproduct
of thestressandstraintensors:

V =
Z



G

�
�

1 � 2�
tr 2(e) + � ij � k l eik ej l

�
dV : (15)

By combiningEquations3, 13, and15 we canexpressthe elastic
potentialV and its derivatives (with respectto q) as polynomial
functionsof q. Thecoef�cients of thesepolynomialsareintegrals
thatcanbeprecomputed.We referto thesecoef�cients asthestiff-
nessintegrals. Theirexactform canbefoundin theappendixof [7].
The matrix @2 V

@q @q , which is neededduring the simulation,is com-
monly referredto asthestiffnessmatrix.

3.2.3 External Forces

We addresstwo speci�c typesof externalforces:gravity (Q g ) and
constraints(Q c). We addtheir generalizedforce contributionsto
computetheaggregategeneralizedforceQ ext = Q g + Q c .

Gravity. Gravity is an exampleof a bodyforce that affectsall
pointsinsidethebody. We treatgravity asa constantacceleration
�eld speci�edby thevectorg. Thegravitationalpotentialenergy is
thentheintegral

Vg =
Z



� g � p dV =

Z



� � a g � qa dV : (16)

Thegeneralizedgravitationalforceis thegradient

Q g
a =

@Vg

@qa
=

� Z



� � a dV

�
g : (17)

Theabove forcecanbe interpretedasthe familiar mg exceptthat
themasstermrepresentsall of themassassociatedwith a particu-
lar basisfunction. Generalizedforcesfor otherconservative force
�elds canbederivedsimilarly.

Constraints. Using Lagrangemultipliers,we supportstandard
constraintsthatcanbedescribedby equationsof theform C = 0.
For example,we canconstraina bodypoint P with coordinatesu0

to coincidewith thearbitrarypointP0 asfollows:

0 = C(q) = P � P0 = qa � a (u0) � P0 : (18)

3.2.4 System of Equations

Choosinga �nite activebasis

BA � B; (19)

collectingtogetherthevarioustermscomputedabove, substituting
theminto Equation(6), andapplyingBaumgartestabilization(see
[28]) to our constraintsyields the systemof ordinarydifferential
equations

"
M @C

@q
T

@C
@q 0

# �
•q
�

�
=

�
� _q � Q ext � @V

@q

� � _C � � •C

�
: (20)

As explainedin Section4.5,theelementsof BA , andconsequently
thesystemof equations,adaptively changewith eachtime stepof
numericalsolutionof Equation(20).

The Baumgarte stabilization parameters� and � control a
dampedspringthatactsto restoretheconstraintswhenthey arenot
beingmet. Dueto thenon-linearityof @V

@q our systemof equations
is not linear.

4 Simulation

In this sectionwe describethe computationalaspectsof solving
Equation(20)ef�ciently .

4.1 Numerical Integration

To speedup thecomputationof thetermsin Equation(20),wepre-
computethemass,stiffness,andgravity integralsusingnumerical
quadrature.We �rst subdivide to thedesiredlevel andcomputethe
valuesof all of the basisfunctionsat eachof the vertices. After
subdividing at leastonce,the domainis composedof hexahedral
cells,which we proceedto split into tetrahedra.We thencompute
the integralsover eachdomaintetrahedronusingpiecewise linear
approximationsto thebasisfunctions.Sinceateveryvertex theEu-
clideancoordinatesareknown, we cancomputethespatialderiva-
tivesof thebasisfunctionsdirectlywithoutusingknowledgeabout
theparameterizationof theobjectby thecomplex K .

As describedin Section3.1,we representfunctionson 
 by re-
strictingfunctionson K to 
 . Therestrictionis approximateddur-
ing numericalquadratureat the level of the tetrahedramentioned
in the previous paragraph.Whencomputingintegralsover 
 , we
do not integrateover tetrahedrathat aredeemedto be outsidethe
object.We accomplishthis by regularly samplingeachtetrahedron
andtestingwhetherthesampledpoint is outsidethesurface. If all
of the sampledpointsareoutsidethe surfacethenthe tetrahedron
is discarded.In our currentimplementation,tetrahedrathat strad-
dle the surfacecontribute to the computedintegrals (an improve-
mentwould beto weight the integral over a tetrahedronaccording
to thefractionof samplepointsinsidetheobject).Color Plate2(d)
shows the tetrahedrathatwereusedto approximatethe interior of
thedragonmodel.

Thecomputedintegralsinvolveproductsof asmany asfour basis
functions(see[7]), soit is importantto know whichbasisfunctions
arenonzeroover a giventetrahedron;otherwise,all 4-tupleswould
be integrated. We accomplishthis by storingthe basisheightsas
sparsevectorsat eachvertex. Our subdivision schemeoperatesdi-
rectlyon thesparsevectorsto computethebasisheights.By exam-
ining thesparsevectorsof basisheightsat eachvertex of a tetrahe-
dron,theintegratorknowswhichbasisfunctionsarenonzero.

4.2 Solving the ODEs

Oncewe have precomputedthe massandstiffnessterms,we are
preparedto solve thesystemin Equation(20) togetherwith initial
valuesfor p and _p (andthusq and _q). Solutiontechniquestypically
startwith known valuesfor q and _q andproceedto computethe
valuesof thesevariablesatasequenceof subsequentpointsin time.

Therearetwo commonclassesfor solvingsuchsystemsof dif-
ferentialequations.Explicit techniquescomputethefuturestateof
the systemusing informationaboutthe stateof the systemat the
currentand previous timesteps. Forward Euler and Runga-Kutta
areexamplesof suchexplicit methods.Implicit techniquesexpress
the future statein termsof quantitiesevaluatedat the end of the
timestep,in additionto previouslyknown quantities.Implicit meth-
odsaremuchmorestablefor largetimestepsthanexplicit methods
becauseratherthanjumpingblindly forward, theconditionsat the

4
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futurestatearetakeninto consideration.For discussionsof implicit
methodssee[4, 20].

We desirea faststablesolution,so we choseto usean implicit
methodto solve our systemof equations.Applying themethodof
[4], adaptedto ourconstrainedsystem,resultsin thefollowing non-
linearsystemof equations:

"
M @C

@q
T

@C
@q 0

# �
� v
�

�
=

h
�

Q(q0 + h(v 0 + h� v ); v 0 + � v )
� � _C � � •C

�
(21)

whereQ = � _q � Q ext � Q e. We solve the above systemof
equationsfor � v usingtheNewton-Raphsonroot-�nding method.
Thecostof this comesprimarily from computingthestiffnessma-
trix, which is requiredto computethe gradientof Equation(21).
For our simulationswe have found it acceptableto only perform
one iterationof Newton-Raphson.This correspondsto lineariza-
tion of Equation(21) at eachtimestep(asin [4]), but shouldnot be
confusedwith thecommonlyusedlinearizationof strain,which is
only accuratefor smalldeformations(wediscusssuchlinearization
in Section4.4). The linear systemsthat needto be solved when
performingNewton-Raphsonon Equation(21) aresymmetricbut
inde�nite, so we solve them using the iterative minres algorithm
(usingsparsematrices,see[35]).

4.3 Runtime Details

Althoughthe interpretationof our objectasa lattice is not needed
by theODE solver, we still storea completelatticeat the level of
the �nest basisfunctions. This is convenientbecauseof the one-
to-onecorrespondencebetweenlatticeverticesandbasisfunctions.
For eachvertex westorethesparsevectorof basisvalues,whichal-
lows usto evaluatefunctionswithoutusinga globalsynthesisstep.
In the casewherethe objectbeingsimulatedis describedby sub-
division (
 = N ), we performa synthesison the surfaceof the
objectwhenever it needsto be displayed.In orderfor the userto
be able to click on the surfaceand set a constraint,we storethe
surfaceof theobjectasa trianglemesh.Thetriangleverticesstore
basisfunction information. This allows us to quickly computethe
parametriclocationof thechosensurfacepoint, selecttherelevant
subsetof basisfunctions,andsetup a constraintat thatpoint asin
Section3.2.3.

4.4 Quasi-linearization

For complex modelsin which therearemany basisfunctions,the
full nonlinearequationsof elasticityaretoo expensive to solve in-
teractively becauseeven evaluatingthe stiffnessmatrix onceper
simulationstepis costly, andtheequationsof motionmustbe lin-
earized.Wesupporttwo methodsof linearization,in additionto the
nonlinearsolver.

If the deformationsare small, the nonlinear terms of strain
(Equation (13)) can be dropped, resulting in the traditional
quadratic(insteadof quartic)elasticpotential,andthusa constant
stiffnessmatrix. If thedeformationsarelargebutdifferonlyslightly
from arigid motionthenthestraincanbelinearizedabouta�oating
frameof referencethat roughly trackstheorientationof theobject
(see[44]). If largedeformationsarerequiredandsigni�cant error
is unacceptable,thenthefull non-linearformulationis necessary.

Our approachto the large-rotationsmall-deformationscenario
deservesfurthercomment.Terzopoulosetal. [44] (andsimilar for-
mulationsin theengineeringliterature,e.g.,[39]) integratea mov-
ing frameof referenceinto the dynamicequations,addinggreatly
to thecomplexity of theexpositionandimplementation.Theframe

of referenceattemptsto trackthecon�gurationof theobjectasif it
werea rigid body. Besidestheaddedcomplexity, anotherproblem
is thatover time,dueto numericalerror, theframeof referencewill
drift outof alignmentwith thedeformingbody.

Roughly speaking,the error due to linearizing strain is large
whenr� d is large. Our approachis to choosean orientationof
thereststateat thebeginningof eachtimestepin orderto minimize
r� d. To avoid thecomputationalexpenseof optimizingglobally,
weminimizer� d atasinglepointx 0 , locatedneartherestcenter
of massof theobject. Theorientationof the reststateis givenby
a rotationR (x ) andis determinedby solving the following equa-
tions:

x + d(x ) = x + D (x ) + R (x ) (22)
r� D (x 0) = 0 (23)

whereD (x ) = d(x ) � R (x ) is a displacement�eld relative to
thenew reststatex + R (x ). To �rst order, R (x ) is a rotationby
1
2 kr� dk radiansaboutthe r� d axis. At the beginning of each
timestepwe rotatethe reststateby R andreplaced by D . Since
the rotationduring onetimestepis typically small, this �rst-order
approximationto R (x ) performswell.

4.5 Adapting the Basis

Becausethe basisB is hierarchical,it is possibleto adaptively
choosethe subbasisBA in Equation(19) so that detail is added
whereneeded.Therearetwo pertinentquestionsregardingadapta-
tion: “howto adapt?”and“when/where to adapt?”

The �rst questionis easily answeredin our framework. We
choosea priori a maximumallowablesubdivision level k andpre-
computethemassandstiffnesstermsneededto form thesystemin
Equation(20) whenBA = Bk . Thesetermsarestoredin sparse
datastructures.Whena decisionis madeto addor remove a ba-
sis function from the active basisBA , it is only necessaryto add
or remove(precomputed)termsfrom thecurrentmassandstiffness
matrices(andin thenonlinearcase,to modify @V

@q by addingor sub-
tractinghigherorderterms).We notethat the ideaof adaptingthe
basisis not new (see,e.g.,[16]), andhasrecentlybeengeneralized
by Grinspunetal. [19].

We addressthesecondquestionby a heuristicsimilar to theone
usedin [12]: areasof higherdeformationrequiremoredetail. The
elementsof Bk areorganizedinto a tree,with a parent-childrela-
tionshipbetweenbasisfunctionsat adjacentsubdivision levelsand
having intersectingsupport. Eachlevel of the hierarchy hastwo
separatethresholdsfor determiningwhento re�ne or coarsen.If
the deformationis above the activationthresholdin the region of
supportof abasisfunction� a thenthechildrenof � a areactivated.
A basisfunction is deactivatedif thedeformationis below thede-
activation thresholdin its region of support. As notedin [12], a
lower deactivationthresholddiscouragesthesystemfrom immedi-
atelyremoving newly introducedbasisfunctions.

4.6 Realtime Simulation

In orderto have theappearanceof realism,it is importantthat the
simulationbe not only fast enoughto be interactive, but also to
proceedat a consistentpace.Adaptively changingthebasisintro-
ducesvariation in the amountof time requiredto computea sin-
gle timestep.Sinceour simulatorcantake large timestepswe can
remedythis problemby adjustingthetimestepto stayin syncwith
actualtime. For example,whenbasisfunctionsareaddedeachstep
of the simulationwill take longerdueto the increasednumberof
degreesof freedomin the system.We compensateby integrating
overa longerperiodof virtual timeduringeachtimestep.

Sowhy not takearbitrarily largetimesteps?First, interactiveap-
plicationsdemandhigh framerates.It is bestto displayanew state
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Figure3: Thedeformationof anobjectdescribedby MacCracken-Joy subdivisionwith
sharpsurfacerules. Uponreleasingtheconstraints(representedasspheresin the®rst
frame),theobjectdynamicallyvibratesandeventuallyreturnsto its restshape.

of the systemat eachvideo refreshcycle. Second,implicit inte-
grationexactspaymentfor its improvedstability. Large timesteps
result in unrealisticdamping. For thesereasonswe typically set
the timestepto theamountof physical time that lapsedduring the
previousiterationof simulationanddisplay.

5 Results

We now describethe resultsof implementingour framework and
runninga variety of simulations.All of the simulationswereper-
formed interactively on a standarddesktopPC (Athlon 1.4 GHz,
256MB ram).

Comparison with Embedding in a Regular Grid. Color
Plate1 shows a comparisonbetweenour methodandonein which
the object is embeddedin a regular grid. In the simulation,posi-
tion constraintswereusedto stretchthe dragon(by pulling on its
front andback)andopenits mouth.Despitehaving moredegreesof
freedom,andthusrequiringmorecomputationtime,thesimulation
basedon a regulargrid is lessconvincing. Ratherthanhaving the
mouthopenandthe body uncoil, aswe would expect, the mouth
andbodyseemto stretchuniformly. This effect is causedby basis
functionswhosesupportspansthe emptyregionsadjacentto dis-
tinct partsof the dragon,thuscorrelatingthe motion of partsthat
would not naturallymove together. In contrast,our methodpro-
ducesa morenaturaldeformationbecausethegrid canbemadeto
�t theobjectmuchmoreclosely.

Adaptation. Color Plate2 illustratesour adaptive simulation
algorithm appliedto the dragonmodel. The coarsestlevel basis
B0 has88 basisfunctions,while the�nest level basisB2 has2245
elements.Using thequasi-linearsolver, thesimulationtook about
0.02secondsperframewhenonly thecoarsebasisis active. At the
level of adaptationshown, eachframerequiredabout0.1seconds.

Sharp Features. DeRoseandKass[13] addedrulesfor sharp
featuresto the Catmull-Clarksubdivision framework. Since the
boundariesof MacCracken-Joy solidsareCatmull-Clarksurfaces,
we caneasily includesharpfeaturesin our framework.2 Figure3
showsasimulationinvolving anobjectwith sharpsurfacefeatures.

Virtual Envir onments. We have implementeda rudimentary
collisiondetectionschemeto demonstratethefeasibilityof placing
our objectsin a virtual environment.We usesurfaceconstraintsto
stopverticeson themodelfrom passingthroughwalls in theenvi-
ronment. In Figure4 a duck is beingtossedaboutin a box inter-
actively. Ourquasi-linearizationschemeperformedasexpected;as
longasdeformationsaremodesttheresultsappearrealistic.

Varying Material Properties. Our systemsupportsmaterial
propertiesthat vary both spatiallyandtemporally. Material prop-
ertiesareincorporatedduring thecomputationof thestiffnessand
massmatrices.During the quadraturephase,the valuesfor � , G,
and� neednotbeconstant.In addition,becauseourbasisis hierar-
chical,materialpropertiesaresmoothlyfactoredinto the themass
andstiffnessmatricesat all levels. For a particulargeneralizedco-
ordinate,the materialpropertiesat all points in the supportof its

2We arenot surewhatthelimitationsareof addingsharpfeaturesto the
surfacesof MacCracken-Joy solids,but it workswell in practice.

Figure4: A collectionof framesfrom aninteractionwith a duckmodel. Theduck is
modeleddirectly asa MacCracken-Joy subdivision solid. The motion of the duck is
limited by the¯oorandwall constraints.

Figure5: A cucumber-like object(modeledasa MacCracken-Joy subdivision solid),
with a longitudinally varying shearmodulusG. The object is beingshaken by the
bottomusinga positionconstraint.Thebottomis ®rm andmaintainsits shape,while
thetopdeformsdrastically.

associatedbasisfunction arefactoredinto the computationof the
massandstiffnessmatrices.Consequently, thematerialproperties
of theobjectarecorrectlymodeled,evenwhenonly asubsetof the
basisis usedin thesimulation.For instance,theshearmodulusG
of theobjectin Figure5 variesalongits length.Whenit is shaken,
oneendwobbleslike soft rubberwhile the other remainsalmost
rigid.

An easyway to representvarying materialpropertiesover the
body is to usethecoarsesubdivision basis.Thenwe needonly to
specifycontrolvaluesat thecoarselevel vertices.Thesubdivision
rulesgeneratevaluesthroughouttheobject.

We alsoallow theshearmodulusG to bescaledglobally at run-
time. This doesnot requirere-computationbecauseit uniformly
scalestheentirestiffnessmatrix. ScalingG globallymakestheob-
ject seemmoreor less�rm.

6 Conc lusion

In this paperwe have presenteda framework for thesimulationof
elasticdeformablesolids.Our framework is easyto useandcreates
fastrealisticsimulationsof complex objects.By working within a
subdivision framework we inherit topological�e xibility anda hi-
erarchicalbasis.In this framework, we have beenableto simulate
elasticdeformablemodelsof moderatecomplexity andhaving spa-
tially varyingmaterialpropertiesat interactive rates.

Therearemany directionsfor futurework. Becauseinteractive
simulationsareeasierto experimentwith, ourexamplesinvolverel-
atively simple simulations. We plan to apply this framework to
morecomplex scenariosin thefuture. Anotherareaof futurework
is to discover usesfor thesharpinternal featuressupportedby the
schemeof Bajaj et al. [1]. Realobjectsdo have sharpinternaldis-
continuities,suchasat theboundariesof bones.We have alsonot
addressedtheproblemof selfcollision,whichis importantfor more
generalsimulations.

Anotherinterestingissueis whethera moresophisticatedfunc-
tion basiscouldbeusefulin thisframework. Wehaveexperimented
with applying the lifting schemeto our bases,but in our current
framework thebene�tsareunclearandthecostsaresigni�cant (due
to increaseddensityof themassandstiffnessmatrices).Thechoice
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of basiswould probablybemuchmorecritical if we wereusinga
hierarchicalsolver suchasmultigrid, anotherareafor futurework.
A major improvementover thecurrentframework would beto im-
plementanadaptivehierarchicalsolverwith provableerrorbounds.

Ackno wledgments Thisworkwassupportedby theAnimation
ResearchLabs,NSFgrantsDMS-9803226andCCR-0092970,an
Intel equipmentdonation,andMicrosoftResearch.
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ColorPlate1: A comparisonof simulationsusinga regulargrid (top row) andasubdivisioncontrollattice(bottomrow). Theleft imagesshow thedragonin its reststatesurrounded
by (a) a regular grid (375 degreesof freedom)and(d) a subdivision control lattice (264 degreesof freedom).The centerimagesshow a simulationin which positionconstraints
have beenusedto stretchthedragonandopenits mouth.Black spheresrepresentpositionconstraintsandredspheresrepresentthedegreesof freedomof thesystem.In bothcases,
trilinearbasisfunctionswereused.Therightmostimagesshow thedeformedstateof thedragon.

ColorPlate2: (a)Thedragonin its reststate.(b) A trilinearsubdivisionvolumethatsurroundsthedragon.Thesurfacehasbeentexturedto indicatehow thevolumeis parameterized.
(c) Thehierarchicalstructureof thesubdivisionvolume.Redspherescorrespondto level 0 basisfunctions,greento level 1, andblueto level 2. (d) Thetetrahedralapproximationof
thedragonthatis usedto computeintegralsover its interior (i.e., for numericalquadrature).(e) Thedragonbeingdeformedby a positionconstraintpulling on theupperlip. (f) The
basisfunctionsintroducedby theadaptive solver.
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