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Abstract

This paperpresenta framevork for the skeleton-drienanimation
of elasticallydeformablecharacters.A characteiis embeddedn
a coarsevolumetric control lattice, which provides the structure
neededo applythe nite elementmethod. To incorporateskele-
tal controls,we introduceline constraintsalongthe bonesof sim-
ple skeletons. The bonesare madeto coincidewith edgesof the
controllattice, which enablesisto applythe constraintsef ciently
usingalgebraicmethods.To accelerateomputationwe associate
regionsof the volumetricmeshwith particularbonesand perform
locally linearizedsimulationswhich areblendedat eachtime step.
We de ne a hierarchicabasison the controllattice,sofor detailed
interactionghesimulationcanadaptthelevel of detail. We demon-
stratetheability to animatecomplex modelsusingsimpleskeletons
andcoarsevolumetricmeshesn amanneithatsimulatessecondary
motionsat interactive rates.
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1 Introduction

Physical simulationis centralto the processof creatingrealis-
tic characteranimations. In the Im industry animatorsrequire
detailed control of the motion of their charactersbut creating
physically-basedsecondarymotionsis dif cult andtime consum-
ing to do by hand. Recently techniquesharse beendevelopedfor
automaticallysimulatingthesesecondarynotions. Thesemethods
arebuilt atopskin, muscle,andbonemodelsandcangeneratede-
tailed, dynamic motions. However, constructingthesemodelsis
time consuming,and the simulationsare computationallyexpen-
sive.

By contrast,in video gameor virtual reality applicationswhere
interactvity is critical, charactemnimationis built atopmuchsim-
pler models. The shapesare composedf convenientprimitives
andarecontrolledby line sgmentbasedskeletons.Deformations
of body partsare purely kinematicallydriven, using, e.g.,blended
coordinatérames.Incorporatingealisticphysically-basedlynam-
icsusingthe Im industry's approachs currentlyimpractical.
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In this paper we attemptto bring dynamicsimulationinto the

realmof real-time,skeleton-drven animation. The challenges to
nd the right combinationof physical principles,geometricmod-

eling, computationatools, andsimplifying assumptionshatyield
compellinganimationsatinteractive rates.

Our approachis basedon the equationsof motion of elastic
solids,simulatedin a nite elementsetting. The volumetric nite
elementmeshneedonly be speci ed coarsely subjectto the re-
quirementhatit encompasthegeometrionodelonwhich simula-
tion will be performed.This lastrequirements necessaryn order
to ensurecompleteintegration over the interior of the object. In
fact,aslong astheinterior of the objectis well-de ned, simulation
of its elasticdeformationis possibleregardlessof the the surface
representationr compleity.

Thevolumetricmeshwe choosés notrestrictedo aregulargrid;
rather it is comprisedof elementssuchastetrahedraand hexahe-
dra. This exibility permitsconstructionof mesheghat conform
betterto the surfaceof the object,improving simulationquality. In
addition, to supportadaptve level of detail during simulation,we
constructa hierarchicabasis,which allows detail to beintroduced
or removedasneeded.

Since our ultimate goal is simulation of skeletally controlled
characterspur framevork supportsline constraints wherelines
correspondo bones.In orderto incorporatetheseconstrainteas-
ily, werequirethevolumetricmeshto containedgescoincidentwith
the bones. Finally, to achieve interactie rates,we linearizethe
equation®f motion,solve themover volumetricregionsassociated
with eachbone,andblendthe deformationsvhereregionsoverlap.

We believe thatthis work makesa numberof contritutions. Our
crafting of the function spacein orderto make constrainthan-
dling easieris, to our knowledge, novel. We introduceblended
local linearizationof nonlinearequations,in the contet of de-
formableanimatedcharactersWe generalizea methodof solving
constraintsusing linear subspacérojection. We alsointroducea
constraintthat allows one-dimensionabonesto behae asthree-
dimensionabones.Finally, we believe our mostimportantcontri-
butionis puttingtogethera collectionof techniqueshatallows usto
interactvely animatearbitrary shapeswith skeletal controlswhile
generatingealisticdynamicdeformations.

2 Related Work

Probablythe most commontechniquefor deforming articulated
characterss to de ne the position of the surface geometryas a
function of an underlyingskeletal structureor setof control pa-
rameters.Recentadwancesin this areacanbe found in the work
of Lewis etal. [2000], SinghandKokkevis [2000], andSloanetal.
[2001]. Ourwork builds onthenotionof skeletalcontrol,but within
aphysically-basedramework.

In the late 1980%, Terzopouloset al. pioneeredthe eld of
physically-basedleformablemodelsfor computergraphics.Using
Lagrangianequationsof motion and nite differencesthey simu-
latedelastic[1987] andinelastic[1988] behaiors, combinedwith
arigid body motiontermto compensatéor instabilitieswith stiff
bodies[1988].
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Much of theresearchhatfollowed soughtto addmoresophisti-
catedconstraintsolvers,accelerateéhe solutionsundera variety of
approximationsandadd stability to permitlarger timesteps.Platt
andBarr[1988]improved on existing constraintmethodge.g.,the
penaltymethod)by introducingreactionconstrainandaugmented
Lagrangianconstraintapproaches.Applying theseconstraintsto
alreadycomple simulations however, wasnot a steptowardinter
actiity.

Pentlandand Williams [1989] simpli ed the problemby solv-
ing for thevibrationalmodesof a bodyandkeepingonly the lower
frequeny modesand obtainedrealtime simulationsof physically
plausibledeforming bodies. Witkin and Welch [1990] usedLa-
grangiandynamicsto solve for low-order polynomial, global de-
formations, coupledwith constraintsenforcedthrough Lagrange
multipliers. Baraf and Witkin [1992] later extendedthis method
for betterhandlingof non-penetratioconstraintsFinally, Metaxas
and Terzopoulog1992] combinedWitkin andWelch's global de-
formationframewnork with local nite elemensurfacedeformations
and Lagrangemultiplier constraintsto animatesuperquadricsur
faces.In eachof theseexampleswhile achieving interactive rates,
thedeformationaveresubstantiabpproximationdo detailedvolu-
metricdeformationandwerenotdemonstratedncomplex shapes.

To acceleratecomputations,some hierarchical methodshave
also beenemployed. Terzopouloset al. [1988] use a multigrid
solver for a surface-basednelastic simulation. The approachof
MetaxasandTerzopoulog1992] is analogougo a two level simu-
lationthatusegylobaldeformationstthecoarsdevel and nite ele-
mentsfor ner surfacedeformationsMore recently Detunneetal.
[1999] built anocttreeof particlesthatinteractaccordingo Lameé's
equationresultingin interactive simulations.Theparticlesaresim-
ulatedusingan explicit Euler solver that stepseachparticleadap-
tively in time andat differing spatialresolutions.To animatea sur
face,the particlesarelinked to eachsurfacepoint by a weighting
schemeTheir approachwasrecentlyextendedto useunstructured
tetrahedrahierarchie§Debunneetal. 2001].

To add stability to computationsjmplicit solvers have proven
to be quite effective. Terzopouloset al. [1987; 1988] usedsemi-
implicit solversin theirinitial work. Baraf andWitkin [1998]used
animplicit schemeo permitlargetimestepsn notoriouslyunstable
cloth simulations. Desbrunet al. [1999], alsoworking with cloth
models shavedthattheimplicit solutionmethodactsasa Iter that
stabilizesstiff systems.They alsoadda rotationtermto presere
angularmomentumand a correctionterm after eachtime stepto
simulatenonlinearelasticity

Free-form deformation (FFD), introduced by Sederbey and
Parry [1986], is also closely relatedto our work. FFD involves
embeddingnobjectin adomainthatis moreeasilyparameterized
thantheobjectitself. Themainadwantage®f FFD arethatarbitrary
objectscanbe easilydeformedandthe spaceof deformationscan
be craftedindependentlypf therepresentatioandresolutionof the
object. Sinceits introduction,the e xibility of FFD hasbeenim-
proved by introducinglatticesof arbitrarytopology[MacCraclen
and Joy 1996], and dynamicfree-form deformationhasbeenin-
troducedto apply FFD to animation[Faloutsoset al. 1997]. Our
framework builds on FFD by alsoembeddinghe objectin acoarse
controllattice. But unlike thework of Faloutsosetal., whereadiag-
onal stiffnessmatrix wasused we usethe principlesof continuum
elasticityto computethe dynamicsof the objectbeingdeformed.

Another approachto fast, physically-baseddeformationsis to
solve quasi-staticsolutions,i.e., computethe equilibrium stateof
the systemgiven forcesand constraints and then animateby ad-
justing the forcesand constraintover time. Gourretet al. [1989]
exploredsuchatechniquéor volumetric nite elementsandJames
andPai [1999] developedaninteractve boundaryelementsolution
undertheassumptiorof constantaterialpropertiesnsidethevol-
ume. Otherquasi-stati@approachebave alsobeenfavoredfor sur

(@)

Figurel: (a) An object R? instrumentedvith a skeletalcomplex Sanda control
latticeK =Kp. Functionson  arede ned in termsof K, which formsaneighborhood
of the object. A trilinear basisfunction is associateavith eachvertex of K (includ-
ing the red verticeson the skeleton). (b) The control lattice subdvided onceto form
K1 (which includesthe black, red, and greenverticesand edges). Additional basis
functionsareassociateavith newly introducedvertices(shavn in green).

gical planningandsimulation[Bro-Nielsenand Cotin 1996; Koch
etal. 1996; Roth et al. 1998]. Quasi-staticsolutions,however, are
approximationshatdo not capturethe true dynamicsof motion.

In somecases,nteractvity hasbeenachie/ed without resort-
ing to signi cant simpli cations in the dynamicmodel. Recently
Picinbonoet al. [2000] describedaninteractive sulgery simulation
usinganonlinear nite elementmethod.They wereableto achieve
interactve ratesfor avirtual liver composeaf about2000tetrahe-
dra. However, more comple& objectssuchasthe onesusedin our
work would requiremary moretetrahedra.

Therearealsoa numberof paperghatapproachhe problemof
deforminghumansandanimalsusinganatomicamodeling[Aubel
andThalmanm2000;WilhelmsandGelder1997]. They differ from
our approachn thatwe aremoreconcernedvith interactvity and
theappearancef realismthanactualanatomicamodeling.

Anotherpossibilityfor deformatioris to performthin-shellcom-
putations.Recentvork by Cirak andOrtiz [2001] demonstratethe
useof subdvision elementsfor computingthe dynamicsof thin
shells. However, thin shellsareinsufcient for modelingthe inte-
rior of solid objects.

In the next sectionwe introducethe basic mathematicaland
physical formulation that underliesour framevork. We then de-
scribeour simulationandcontrolmethodology(Sectiond), discuss
results(Section5), andconclude(Section6).

3 Formulation

Eachobjectthat we wish to animateis representeds a domain
R%. We male noassumptionsbout  otherthanwe know its
interior. We instrumenteachobjectwith a skeleton,i.e. an anno-
tatedtransformatiorhierarcly suitablefor animation. We referto
eachtransformatiorin thehierarcly, aswell asits associatearigin
point, asa joint. The skeletonde nes a graphS, whosevertices
correspondo joints andwhoseedgescorrespondo line sgments
betweentwo jointsthatshareaparent-childelationship.Jointsand
bonesarelocatednteriorto theobject,sothegraphSis a piecavise
linearsubseS , thatwe call a skeletalcomple (seeFigurel).
Motion of the objectis representetly atime dependentunction

p: R! R®: (xt)7! p(x1). (1)

Let
ps:S R! R® 2)

denotetherestrictionof themapto S. Rigidity of thebonesmplies
that ps is anisometryon eachedgeof S. In particular ps is a
piecaviselinearfunctionon S

Our goalis to solwve for the dynamicmotion of the objectgiven
themotion of the skeleton.Sincewe modelthe objectasanelastic
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body, thefunctionp(x, t) is thenthe solutionof a systemof partial
differentialequationssubjectto the constraintp(x, t) = ps(x, t) for
x2S

To solve the systemnumerically we apply the nite element
method(see.e.g.,[Prenterl975]). We separatéhe mapp(x, t) into
a constanteststater (x) anda dynamicdisplacementl(x, t), each
of whichis representedsa nite sum. Thereststateof the object
is givenby theidentitymapr : ! R?, which hasthe expansion:

X
r= ra ‘®=ra () =x @)

a

wherethe functions ?(x) are elementsof a nite basisB, and

ra 2 R% As demonstratedn the abose equation,we usethe

Einsteinsummationcorventionthroughouthis paper:wheneer a

term containsthe sameindex asbotha subscriptanda superscript,
the term implies a summationover the rangeof thatindex. The

displacemenis expandedsimilarly:

d(x,1) = ga(t) *(x). (4)

whereqa(t) 2 R® arethe dynamicallyevolving coefcients that
determinethe deformationof the objectover time. The stateof the
systemis simply the sumof thereststateandthe displacement:

PO, 1) = (ra+ga(®) *(x) (®)

We representhe stateof the body at time t asa columnvector
of generalizeccoordinatesy = q(t) whosea-th componenis the
coefcient ga(t) in Equation(4), andwe modelthedynamicsof the
body as a systemof secondorderordinary differential equations.
The systemis obtainedby applyingthe nite elementmethodto
the Lagrangiarformulationof the equationof elasticity(see.e.g.,
[Shabanal998]). In the remainderof the sectionwe describethe
basisB andformulatethe nite elementproblem.

3.1 The Hierarchical Basis

In orderto allow our simulationsto adaptto local conditions,we
emplgy ahierarchicabasis.Suchbasesarewell establishedsuse-
ful tools for numericalcomputation(see,e.g.,[Bank 1996]). Our
constructionmirrors that of what are referredto aslazy wavelets
in [Stollnitz et al. 1996]. The basisB is de ned in termsof re-
peatedsubdvision of a control lattice surroundingthe object(see
Figurel). It is desirablghatthecontrollatticeconformto theshape
of theobjectwhile beingascoarseaspossible An advantageof us-
ing anunstructuredatticeinsteadof aregulargrid to de ne thede-
formationfunction spacseis thatthe lattice canbetailoredto t the
object.More preciselya contmol lattice K is a nite unionK =[ ;C;
of convex cellsC; satisfyingthefollowing conditions:

(i) Foralli,j,i 6 jtheintersectionCij = Ci[ C; is eitherempty
or aface,edgeor vertex of bothC; andC;.
(i) Theedgesof Sareedgesof cellsof K.
(i) Thedomain is containedn theinterior of K.
(iv) Foralli, eachvertex of C; hasvalence3 (within C;).

Condition (iv) still allows a variety of cell shapesncluding hexa-
hedratetrahedrandtriangularprisms.

We now shav how to constructa collection of functionsB =
f ?gon K whoserestrictionto is a linearly independensetof
continuoudunctionson . LetVy, Vi V. ::: bethenested
sequencef function spacedescribedn appendixA.1. The set
V; consistsof the piecavise trilinear functionson the comple K,
obtainedfrom K by J hexahedralsubdvisions. For eachvertex a
of K, positionedatx,, let 2 denotethe uniquefunctionin Vo such
that 3(xa) = 1and ?(xp) = Ofor b 8 aavertex of K. Include

in B if therestrictionof ?to is non-zeroProceednductively as
follows. Letabeavertex of K41 thatis notavertex of K; andlet @
betheuniquefunctionin Vj.; suchthat 2(a) = 1 andthatvanishes
atall otherverticesof K;.1. Include 2 in B if its restrictionto is
non-zercandif its restrictionto Sis zero.

Althoughthe elementf B arede ned on all of K, we areonly
interestedn their valueson ; we will, therefore,interpretB as
collectionof functionson . Onecanshow thatthesetB is linearly
independensetof functions,which we call the hierarchical basis

By construction # 2 B for eachjoint vertex a 2 S, andthere-
strictionof ?to Sis linearoneachboneof S. Moreoverif 22 B,
for a notajoint vertex, then 2 vanisheddenticallyon S. Conse-
quently thefunctionps(x, t) canbewrittenin theform

X
ps(,t) = (ra+da(t) *(x). (6)
a2s

andbecause ?(a) = 1, thevector(ra + ga(t)) is thelocationof the
joint vertex a attimet.

3.2 Equations of Motion

By virtue of Equation(5), we canexpressthekinetic enegy T and
elastic potentialenegy V as functionsof g and g, respectiely,
whereq denoteshetime derivative of . The equationsf motion
arethenthe Euler-Lagrange equations

d @@ , @@, -
@ @ @ ¢ 00

where@ =@ and @/=@ denotegradientswith respecto q and
g, respectiely. Theterm Q®! is a genealizedforce arisingfrom
externalbodyforces,suchasgravity. Thelasttermis ageneralized
dissipatve force, addedto simulatethe effect of friction. We will
now derive eachof the rst threetermsof Equation?, ultimately
yielding a systemof ODEsto besolvedin generalizedoordinates.
The kinetic enegy of a moving body is a generalizatiorof the
familiar mv:
1 z 1
T=5 ®p pd =5MP0q q ®)

where (x) is the mass density of the body and VA
aby . Equation(8) yieldstheformula

22 Mg, (9)

The matrix M composedf the elementsM® is called the mass
matrix. We discussdts computatiorin Section3.3.

The elasticpotentialenegy of a body captureshe amountof
work requiredto deformthebodyfrom thereststateinto thecurrent
con guration. It is expressedn termsof thestrain tensorandstress
tensor Strainis the degree of metric distortion of the body. A
standardneasuref strainis Greens straintensor:

i j k ol

-¢.e, gad (10)
@ & @ @

The diagonaltermsof the straintensorrepresennormaldeforma-

tions while thoseoff the diagonalcaptureshearing.Forcesacting

on theinterior of a continuumappeaiin the form of the stressten-
sor, whichis de nedin termsof strain:

6

ij =2G

5 tr(e) j + g (11)
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wheretr(e) = ;. The constantG, calledthe shearmodulusor
modulusof rigidity, determinesiow hardthe bodyresistsdeforma-
tion. Thecoefcient , calledPoissonsratio, determinesheextent
to which strainsin onedirectionarerelatedto thoseperpendicular
toit. Thisgivesameasuref thedegreeto whichthebodypreseres
volume. The elasticpotentialenegy V(q), which is analogougo
thefamiliar de nition of work asforcetimesdistancejs given by
theformula

V=G

T3 @+ ae d (12)

By combiningEquations4, 10, and12 we canexpressthe elastic
potential V andits derivatives (with respectto q) as polynomial
functionsof gq. The coefcients of thesepolynomialsareintegrals
that canbe precomputed.Details are describedn appendixA.2.
ThematrixS = @%’% is referredto asthe stiffnessmatrix.

To addrealism,we includethe force of gravity in our formula-
tion. Gravity is an exampleof a bodyforce that affectsall points
insidethe body We treatgravity asa constantaccelerationeld
speci ed by thevectorg. Thegravitational potentialenegy is then
theintegral

z z
Vg = gp= g Ga. (13)

Thegenerlizedgravitationalforceis the gradient

z
g @ _ a

Qa @,

g (14)

The above force canbe interpretedasthe familiar mg exceptthat
themasgermrepresentall of themassassociatewvith aparticular
basisfunction.

3.3 Numerical Integration

In orderto computethe gravity termsandthe massand stiffness
matriceswe precomputethe integralsin equations(8), (14), and
(29). Theintegrationis donenumericallyusingthefollowing steps:

1. SubdvideK to thedesiredevel for numericalintegration.
2. Computethevaluesof the basisfunctionsat eachvertex.

3. Tetrahedralizehe domain. After subdviding once,the do-
main is composedf only hexahedralcells. We thendivide
eachof thesecells into tetrahedrain orderto approximate
functionson thedomainaspieceviselinear

4. Computethe integrals over eachdomaintetrahedronusing
piecavise linear approximationgo the basisfunctions. If all
four verticesof a tetrahedrorfall outsidethe surfaceof the
object,its contrikbution to theintegralsis neglected.

With theintegralscomputedgquation(7) cannow besolvedusing
anonlineaNewton-Raphsorsoler.

4 Skeletal Simulation

The fully nonlinearelasticformulation describedn the previous

sectionis computationallyexpensve,anddoesnottake into consid-

erationtheskeleton.In thissectionweintroduceasetof techniques,
tailored for fast skeleton-drven animation, that approximatethe

nonlineardynamics.

Figure 2: The upperleft imageshawvs an input modelinstrumentedvith a skeleton
andlocal coordinatesystems.The upperright imageshows the modelembeddedn
(half of) a controllattice. Thelower left imageshavs how the skeletoncoincideswith
edgesandverticesof thecontrollattice. Thelowerrightimageshavs theentirecontrol
lattice, aswell asthe division of the objectinto regionsfor local linearization. Each
region is associateavith oneof the local coordinatesystemsn the upperleft image.
Notethecolor blendingwhereregionsoverlap.

4.1 Instrumentation

Prior to simulation,a modelmustbe instrumentedvith a skeleton
andcontrollattice. Althoughrecentwork by TeichmanrandTeller
addresseautomatedskeletonconstructior{1998], we currentlylet
the animatorspecify the skeletonin orderto achieve the desired
level of control. We have implementeda simplesystemthatallows
a skeletonto be constructednanuallyin just a few minutes. The
usercreates joint by clicking onthe objectwith themouse.If the
ray throughthe mousepoint (from the cameraprojectioncenter)
intersectsthe object at leasttwice, a joint is placedmidway be-
tweenthe rst two intersectionsThis positioningschemeproduces
jointsthatarecentrallylocatedinsidethe object. Two joints canbe
selectedo de ne a bone,andwith the selectionof a root joint, a
transformatiorhierarcly canbecreatecautomatically

We currently usea constructve procedurethat allows the user
to build the control lattice interactively by addingcellsincremen-
tally andrepositioninghecontrolverticesasneeded Severalhours
arerequiredfor anexperiencediserto createamoderatelycomple
controllattice. Theabundancef volumetricmeshingschemesug-
geststhat automaticcreationof the control lattice is possible,and
we hopeto addresghis problemin the future. Figure2 shaws the
skeletonandcontrolmeshfor a kangaroomodel.

4.2 Solving the System

Due to the computationalexpenseof solving the full nonlinear
equationf elasticity we seeksimpli cations thatmake the equa-
tions easierto solve. Onepossibility is to linearizethe equations
of motionat the beginning of eachtimestepaswasdoneby Baraf
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andWitkin in theirwork on cloth simulation[1998]. In our experi-
ence,simulationsusing this methodare essentiallyindistinguish-
able from resultsobtainedusing a nonlinearimplicit methodto
solwve the system,aslong asthe timestepis not so large asto al-
low radicalshapechangeduringa singlestep. After applyingtheir
implicit solverto our formulation,theresultingequationsare:

g = hig+ v) (15)

(M h1+hS) v h q @ Q* hSg (16)
@

wherehisthetimestep, isthedampingcoefcient, | istheidentity
matrix, Vv isthechangen thevelocity g duringthetimestep, q
is thechangen g duringthetimestepM is themassmatrix,andS
is the stiffnessmatrix. All quantitiesareevaluatedatthe beginning
of thetimestep.Equation(16) is a sparsdinear systenthatcanbe
solvedfor v usinga Conjugate GradientdCG) solver. Then v
is substitutednto equation(15) to obtain q.

4.3 Bone Constraints

In our framework the skeletonis controlleddirectly by keyframe
dataor someothersourcesxternalto thedynamicsimulation.From

the viewpoint of the simulation,the skeletonis simply a compli-

catedconstraint.Becauseve have restrictedthe bonesto lie along
edgesin the control lattice, andthe basisis interpolating,it is es-
pecially easyto handlethe bone constraintsalgebraically Each
controlpointthatlies on abonecorrespondso acomponentf v

thatis known a priori, ratherthanhaving to be computed.Simpli-

fying equation(16) to theform A v = b, we cansortthevariables
into known ( vk andbg) andunknowvn quantitiey v, andb,) and
form thefollowing system:

A A Vi  _ by
A Ax Vu bk

a7

Thereasorthatsomecomponentsf thevectorb arenow unknavn
arisesfrom the factthatthe externalforcesrequiredto enforcethe
boneconstraintareunknavn, andthey appeanonther.h.s.of equa-
tion (16). In orderto solvefor v, we simply solve the system:

A Vy = bk Aol Wk (18)
The adwantageof this approachs that addingskeletal constraints
actuallyreduceshecomputationatostby shrinkingthesystenthat
mustbe solved.

4.4 Linear Subspace Constraints

Becausewne would like our objectsto interactwith otherobjects,
position constraintsare alsoimportant. The framework of Baraf
andWitkin [1998] providesanelegantsolutionfor particlesystems.
During eachinternalstepof a CG solver, they projectout certain
componentof v correspondingo constrainedparticles. Here
we show that this techniquecan be extendedto include position
constraintsat ary pointin a continuousbody Positionconstraints
in our framework areof theform:

de(t) = da “(Xc) (19)
which simply saysthat the displacemenat x. conformsto some
known functiond.. Evaluatingequation(15) atx. resultsin:

de(t+h)  de(t)
h

Va %(Xc) = da *(Xc) (20)

Ther.h.s.of theabore equationis simply a constant. thatcanbe
computedat the beginning of eachtimestep.If we accumulatehe

X, ¥, and z component®f the 3-vectorsa. into the n-vectorsa ,
where 2 fx,y,zg, de ne thematrix Coc = #(Xc), andseparate
vintoits x, y, andzcomponents v , equation(20) becomes:

C'" v =a, 2fxyz (21)
So eachconstraintrequiresthat v be constantalong three par

ticular directionsin R®". Maintainingthe constraintsnvolvesthe
following steps:

1. At the beginning of eachtimestep, v is initialized so that
equation(21) holds. This is accomplishedy computingthe
QR-decompositionf C andtransformingequation(21) into
R'b =a, v =Qb ,fromwhich v canbeeasilycom-
puted. Although QR-decompositiomf ann  m matrix re-
quiresO(nnt) time, in our casethe numberof constraintan
is typically small,sothe computationatostis low.

2. Eachcolumnc of C hasanassociateghrojectionmatrix P =
I cc'=c"c, which, whenappliedto a vector eliminatesthe
componentn thedirectionof c. Theseprojectorsareapplied
duringCGsuchthatincrementatipdatedo v areorthogonal
to thevectorsc, ensuringthatequation(21) remainstrue (for
detailssee[Baraff andWitkin 1998]).

In our currentframevork, con icting constraintscan be detected
during QR-decompositiomndremored. In the future we hopeto

augmenthis methodto solve over-constrainedsystemsmoreele-

gantly, aswasdonefor FFD by Hsuetal. [1992].

4.5 Blended Local Linearization

A major bottleneckin our systemis the computationof the stiff-
nessmatrix at the beginning of eachtimestep(the elasticpotential
is a quarticfunctionof ). A well-knawn simpli cation is to lin-
earizethe straintensorby droppingthe lasttermin equation(10),
which resultsin a quadraticelastic potentialand thus a constant
stiffnessmatrix (which is composedf the rst threeaddendsn
equation(28)). As comparedo other simpli cations suchas us-
ing amass-spring-basesasticpotential linearizationof strainhas
the advantagethatit is a very goodapproximation put only when
thedeformationis small; for large deformationsseveredistortions
occur

A notablecasefor the linear strain modelis when the object
undegoesa largerigid rotation,coupledwith a smalldeformation.
While theelasticpotentialbasedn nonlinearstraindoesnotpenal-
ize rotations thelinearstrainmodeldoes,while failing to penalize
certainshearingdeformations Terzopoulostal. [1988] addressed
this caseby modelingthe deformationrelative to a frameof refer
encethatfollows the grossmotion of the object. Sincethe relative
deformationis assumedo be small, the linearizedstrainis a rea-
sonableapproximation. This approachis commonpracticein the
engineerinditerature,suchasin the textbook of Shabang1998],
in which multibody systemscomposedf interconnecteghartsare
considered.In suchsystemsthe deformationof eachpartcanbe
measuredrom alocalreferenceon gurationthatfactorsin thero-
tation of the part. As long asthe deformationof eachpartis small
relativetoits rotatedreferenceon guration,thelinearstrainmodel
is agoodapproximation.

To applytheseideasto articulatedcharacterswe rst recognize
that the soft tissuesof vertebrateglo not typically undego large
deformationgelativeto nearbybones Basedon this assertionpur
approachs to divide the objectinto regions,eachof which canbe
simulatedusingthelinearstrainmodel.

Theuserdividesthe objectinto regionsby assigningveightsto
the control vertices,forming a partition of unity over the object.
A pieceof the objectcanbelongto a single region or can be di-
vided fractionally amongseveral regions. We encodethe weights
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for regioni in adiagonalsquarematrix W', whereW,, is theweight
associateavith vertex a in regioni. Thelower right imagein Fig-
ure 2 shaws a partitionedobject, coloredaccordingto the region
assignmentsOur currentsystemrequiresthatthe userselectindi-
vidual weightsfor eachcontrolvertex, but amoreintuitive painting
interfacewould be straightforvard to implement. It would alsobe
helpful to automatehe taskof region assignmengrecentwork by
Li etal. [2001] maybe adaptabléo our problemdomain).

Fromthe region assignmentsve form a cell complex K' corre-
spondingto regioni:

K'=fC2 K:8Va2 V(C), Wy > Og (22)

wherev(C) is the setof controlverticeson cell C. Eachregion has
anassociatedunctionspace:

B'=f %.: *2B, %, 60g (23)
where %, denotestherestrictionof *to K'. We de ne arect-
angularmatrix Q' to selectthe basisfunctionsthat have nonzero
restrictionsto re%ioni._TheeIementhb = 1if andonlyif 22 B
correspondso ° 2 B'. Thepseudocodéor takinga singlesimu-
lation stepis:

foreachregionido _
1| [rd.q]1( [QTr.Qq,Qd]
foreachado .
2 | | damda T(ra)+ra
end _ _
3 ConstructA' andb' from equation(18)
4 SoheA' V' =b'
ed p
5 v ( ; WIQIT VI
60( g+ v
7q( gq+hg

Line 1 extractsthe regional variablesfrom the global system.
Line 2 corvertsq' sothatit correspond®otto displacementrom
the reststate,but to displacemenfrom the reststatetransformed
accordingo thetransformatiorof thebonecoordinatesystem.The
homogeneousansformationT', extractedfrom the currentcon g-
uration of the skeleton,representshe transformationof the bone
from its restpositionto its currentposition. But it is not enoughto
simply transformg', becaus¢hetransformatioritself mustbe sub-
tractedfrom q'. A displacementeld dr thattransformsthe object
x accordingto thetransformatiorir (x), hasthe following form:

dr +x=T(x) (24)

It is from the above expressiorthatline 2 is derived. Line 3 builds
the linear systemrequiredto solve for the local equationsof mo-
tion, includingthe extractionof boneconstraintsandline 4 solves
thelinearsystemusingCG. Line 5 memgesthe solutionsfrom each
region,eachweightedaccordingo theuserassignedveightsin W'.
Finally, the stateof the global systemis updatedn lines6 and?7.

4.6 Twist Constraint

In naturalcreaturesvith three-dimensiondbonesthe esh cannot
twist (i.e. rotate)aroundthe axis of the bonewithout causingthe
esh to deform. Suchdeformationsareresistecby emegentelas-
tic forces,so the twisting is limited. But esh canrotateabouta
line constraintwithout deforming. To avoid suchunnaturallyfree
movement,we introducea soft constraintto penalizeall displace-
ment(notjust deformation)within a x edradiusof the bones.We

Figure3: The left imageshaws the kangarooat rest. Brown spheresepresenactive
basisfunctions. The cyan sphererepresents position constraint. On the right, the
positionconstrainthasbeenmoved causingadaptatiorof the basis.Theredspheresn
therightimagerepresenhewly introduceddetailcoefcients.

denotethis region
constraint:

. Thefollowing potentialdescribeghe

u:% d dd (25)

Theabove potentialis quadratic soits Hessiaris simply a constant
thatcanbe addedo the stiffnessmatrix:
VA
@u__, ab (26)
@a@]b

wherel isa3 3 identity matrix. The above constraintmustbe
computedrelative to therigidly transformedbone,which ts well
into our local computatiorframework.

4.7 Adaptation

Becauseve usea hierarchicalbasis,our simulatorcanadd detail
whereneeded. We apply the simple heuristicthat detail is more
helpful wherethereare large deformationg(similar to, e.g., [De-
bunneet al. 2001]). If the objectis sufciently deformedover the
supportof a particularbasisfunction,thenall of the basisfunctions
in thenext ner level with supportoverlappingthe areaof high dis-
tortionareintroducednto thesimulation.Lik ewise,basisfunctions
areremovedwhenthereis little deformationin their support.Each
level of the basishasanassociatedhresholdfor determiningwhen
to re ne andanotherfor determiningwhento coarsen.As noted
in [Dehunneetal. 2001],alower thresholds requiredfor coarsen-
ing thanre ning in orderto preventthe simulationfrom oscillating
betweerlevelsof resolution.

Reagardless of the criteria emplo/ed, adapting the basis is
straightforvard in our framewvork. Most of this simplicity comes
from re ning the basis,not the geometry aswasdoneby Gortler
and Cohen[1995] and recently generalizedby Grinspunet al.
[2002]. For some x ed numberof basislevels we precomputehe
massandstiffnessmatricesand storethemin a sparsedatastruc-
ture. Adaptingthe basissimply correspondso extractingandre-
linquishingcertaincomponentférom thesematrices which canbe
donevery quickly. The resultantsubsetf the basisarelinearly
independentegardlessof which basisfunctionswe choose. Fig-
ure 3 shows adaptationof the kangaroomodel. For more details
regardingour adaptatiormethodologysee[Capelletal. 2002].

5 Results

The accompanping video shaws the resultsof applyingour frame-
work to two triangle mesheghat we acquiredfrom the Internet.
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Figure4: Framedrom aninteractive animation.Thereis no noticeablevarpingdueto
strainlinearization,andthe differentmaterialg(e.g.,ears horns)behae distinctly.

Figure5: On the left is the global linear solution, which shavs signi cant warping
whenthe cow turnsits headto oneside. In the centeris the fully nonlinearsolution.
Ontherightis theblendedocal linearsolution,which shovs no noticeablevarpingof
thehead.A slight protrusioncanbe seenin the neckof theright imagedueto region
blending.

The control meshfor the kangaroo model has448 cells and 177
vertices;the cow control meshhas572 cellsand214 vertices.On
a1l GhzPC,boththe cow andkangarooanimatedat about100Hz
usingonly the coarsebasisfunctions,whichis clearlywithin range
for interactive applicationgwith adaptationsimulationtime varies
dependingon the degreeof adaptatiorrequired). Figure 4 shawvs
framesof ananimationof the cov model(usingthe coarsebasis),
which demonstratetheability of our systento handlevariablema-
terial propertiesithe ears op aroundrealisticallywhile the horns
stayrigid. This featureis possibleto do interactvely becausehe
control meshcan be carefully craftedto respectmaterialbound-
aries, and becauseour computationof the stiffnessmatrix takes
variablematerialpropertiesnto account.

For our datasetsthe blendedlocal linear and global linear so-
lutions requiredaboutthe sameamountof computatiortime. Yet
theblendedocal linear solutionproducedmuchmorepleasingre-
sults,asdemonstrateth Figure5. Theblendedocallinearsolution
lookssimilarto thefully nonlinearsolution,while the globallinear
solutionis badlywarped.

6 Conclusion

We have introduceda methodfor interactve simulation of de-
formablebodiescontrolledby anunderlyingskeleton.By choosing
a volumetricmeshthatalignswith the bones we areableto meet
theboneconstraintgapidly. We extenda fastconstraintsolver that
worksdirectly within aniterative solver. We alsointroducea twist
constrainthatmimicsthe effectsof three-dimensionddoneswvhen
only one-dimensionabonesare beingmodeled. Our methodper
formswith thespeedf simplelinearstrainmodelsof elasticity but
doesnot suffer from distortionsarisingfrom globallinearity.
Therearemary avenuesfor future work. We would like to au-
tomatically generateskeletonsand especiallycontrol lattices, the
latter beingthe mostlaborintensie aspecof our framavork. Our
assumptiongboutsmall deformationsreakdown nearthejoints.

It maybepossibleto addresshis problemby usingnonlinearelas-
ticity nearthe joints. The deformationsearjoints might alsobe
improved by speci cally tailoring adaptatiorto the problem. Fi-
nally, it would becorvenientto includedynamic,notjustfully con-
strainedpones.
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A Appendix

A.1 Review of Trilinear Functions

A trilinear functionon the standarcunit cubeC® = fx = (x,y,2) :
0 xV,z 1gisafunctionof theform

f(X,y,2 = ap + arX + axy + azz + asXy + asxz+ agyz+ arxyz

Thefunctionf is determinedy its valuesat the verticesof C3: let
(s) denotethe hat function

~+_ 1 jg forj§ 1
©= 4 forjg > 1.

andlet o(x,y,2 = (x) (¥) (2. Then
f(x) = fijk ox Ly [,z K
0 ijk 1

wherefijx = f(i,j,K). It is easyto checkthat trilinear functions
satisfythefollowing interpolationor hexahedrl subdivisiorrules:

(i) Thevalueoff atthemidpointof anedgeof C* is theaverage
of its valuesat the endpointsof theedge.
(i) Thevalueof f atthecentroidof afaceof C® is theaverageof
its valuesat the cornersof theface.
(iii) Thevalueof f atthecentroidof C? is theaverageof its values
attheeightverticesof C2.

If we subdvide the unit cubeinto 8 sub-cubesn the standard
way, we canusethesesubdvision rulesto determinethevalueof f
attheverticesof eachsub-cubeRepeatedigubdviding andapply-
ing the subdvision rulesyields the value of f at eachdiadic point
(i=2°,j=2’, k=2) of C3. Becausehe diadic pointsaredensen C3,
the subdvision rulescompletelydeterminef from its valuesat the
verticesof C®. More generally startingwith valuesof a function
at the verticesof the standarccubic tiling of R® andapplyingthe
subdvision rulesto eachcubiccell determines piecavisetrilinear
functionon R®.

We cangeneralizehis constructiorto de ne piecevisetrilinear
functionson ary controllatticein which the verticesof each3-cell
of K have valence3. Startingwith thevaluesof f atthe verticesof
K, we infer its valuesat the centroidof every edge faceand3-cell
of K. This givesvaluesof f at every vertex of there ned comple
K1 obtainedby subdiision (see[MacCraclen and Joy 1996] for
details). Becausehe verticesof each3-cell of K have valence3,
the subdvided complex K; hasonly hexahedralcells, so afterone
subduision, thesubdiision procesdehaesjustasfor cubesn R®.

Thereis a correspondingnestedsequencef functionspaces

Vo Vi V2
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de nedonK. Tode ne V;, subdvide J-timesto obtainthecomple
K; andspecifyvaluesat eachvertex of K;. The subdvision rules
thendeterminea functionon all of K. Thus,eachfunctionin V3,
forJ =0,1,2:::,is determinedy its valuesat the verticesof K.

A.2 Derivatives of Elastic Potential

ThegradientandHessiarof V from equation(12) are:

("0a + AY°da + B*Qa
@ _ 4200 ga CI* +(Qa Qp)CF°

= 27
@ 0a G0 O 400 Gu CF +(qa apyCye 2D
+0d (Ga Gb) DI+ Ga(qu ge) D3™*°
A +AS+1BC+21 ga CI°
+2qd Cfldc+2Cifb qb+| CId szcd
@1@3%: G G+l qo G +da G (28)
cYf +Cf2ac qa+clz)fc qb+| (qa qb) DibCf
+2(da  Ca) D;f“ +1 (A Ge) D:zd”
+(ga Qa)D37 +(da Qe)D3°
wherel isa3 3identity matrixand
b_ @ @’
Ai - 14(32 @ @ d
pv=Rag @0 @ g
2 R & @&
ab _ @a @b
B® = R4G & o d
a b c
o= % % % d (29)
be _ @? e’ @°
pibed=" 4 @ @° @° @?! 4
1 _R T2 @& & & &
Dabcd: 4G @? J @° @d d

NotethatA® isa3 3 matrix, C*is a 3-vector andB* andD**
arescalarguantities.
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