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Abstract

This paperpresentsa novel physics-basedepresentatiorf real-
istic charactemotion. The dynamicalmodelincorporateseveral
factorsof locomotionderivedfrom thebiomechanicaliterature,in-
cludingrelative preference$or usingsomemusclesnorethanoth-
ers,elasticmechanismatjoints dueto themechanicapropertieof
tendonsligamentsandmusclesandvariablestiffnessatjoints de-
pendingonthetask.Whenusedin aspacetimeptimizationframe-
work, the parametersf this modelde ne awide rangeof stylesof
naturalhumanmovement.

Dueto thecompleity of biologicalmotion, thesestyle parame-
tersaretoodif cult to desigrby hand.To addresshis,weintroduce
NonlinearInverseOptimization,a novel algorithmfor estimating
optimization parameterdrom motion capturedata. Our method
canextractthe physical parameterérom a single shortmotion se-
qguence. Once captured,this representatiorf style is extremely
exible: motionscanbe generatedn the samestyle but perform-
ing differenttasks,andstylesmaybe editedto changethe physical
propertienf thebody.
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1 Intro duction

Creatingexpressve andrealistic charactemmotion remainsone of
the main challengesn computeranimation. Traditional keyfram-
ing techniqueswhile expressie, are not well-suitedfor achies-
ing realism.Physics-basednethodgor locomotionsynthesishav
promisefor highly dynamicmotionssuchasjumping, diving, and
gymnasticsbut it remainsvery dif cult to specifystylesof motion.
Dynamic simulation of low-enegy motions— suchas walking,
jogging,andothercommonmovements— areevenmorechalleng-
ing, becausehesemotionsare not tightly constrainecby physi-
cal requirementsand so physical style plays a signi cant role in
determiningmotion. Style itself is very dif cult to parameterize,
especiallyin termsthatcanbeappliedto dynamicmotionrepresen-
tation. More recentdata-drivenapproacheto motionsynthesisan
presere therealismprovided by examplemotion capturedata,but
cannotproducenen motions. Consequentlydata-diven methods
requirea large databasef trainingmotionsin orderto allow e xi-
bility. In this representatiorthe style anddynamicsof motionare
tightly coupled,sothereis noway to reasorabouthow the style of
themotionwould transferto a motionwith differentdynamics.
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In this paper we presenta physics-basedpproachto creating
realistic, expressve motion. Our dynamicmodelincludesan ab-
stractedepresentationf anactors musclesandtendonssufcient
to capturethe essentialualitiesof locomotionarisingfrom mus-
culosleletalstructure Furthermorethe modelincludesparameters
that encodean actor's relative preferenceor applying torquesat
somejoints morethanothers. New motionsare createdby space-
time optimization,minimizing the total muscletorquesaccording
to thosepreferencesThe individual physicsandstyle of anactor
are describedby the completeset of musculoskletal parameters
andmusclepreferencesandmodifyingthesgparametergieldsnew
motionstyles.

Dueto the compleity of biologicalmotion, thesestyle parame-
tersaretoo dif cult to designby hand. Moreover, it is controrer
sial whetheroptimizationis even a goodmodelfor humanmotion
[Alexander2001]. To addresghesequestionswe introduceNon-
linear InverseOptimization(NIO), a new algorithmfor automatic
estimatiorof physicsparameterom motioncapturedata.NIO as-
sumeghatthe motion captureis optimalfor a spacetimeptimiza-
tion problemwith unknovn parameterandknown constraintsand
solvesfor physicsparameterto make theobsenedmotionoptimal.
We canthengenerat@éen motionsequenceasif performedby that
actor in thesamestyleastherealactor, but satisfyingentirelynew
constraints Becauseur methodlearnsa high-level descriptionof
style, we do not requirelarge training databaseshe stylesin this
paperareestimatedrom a singleshortmotion sequenceach.For
example,oncewe have extractedthe style parametersf a speci ¢
walk, we candeterminehow this samepersonwould move with a
large briefcasen their hand.

Our physicalmodelincorporatesereral hypothesesboutloco-
motion from the biomechanicditerature. First, thereis a distinct
preferencdor usingspeci c joints ratherthanothers,dueto varia-
tionsin joint strength stability, andotherfactors[Full etal. 2002].
Second biological systemsuse passive elementsin their muscu-
loskeletalstructure suchastendonsandligamentsto storeandre-
leaseenepy, therebyreducingtotal power consumptiorjAlexander
1988]. Third, animalsvary stiffnessof their joints whenperform-
ing differenttasks.For example leg stiffnessis considerabhhigher
duringrunningthanduringwalking [Farley andMorgenroth1999;
Ferrisetal. 1999]. Incorporatinghesefactordeadsto increasede-
alismin our model. Althoughsomeof thesefactorshave beenused
in animationsystemsthey have not beenusedtogetherin physics-
basedanimation. This is likely dueto the dif culty of selecting
a large numberof simulationparameterdy hand,a problemwe
addresdy learningtheseparameterérom data. Moreover, we an-
ticipatethatour approactcanbeusedasameango explorebiome-
chanicaltheoriesio this end,we shav a preliminaryexperimentin
which our systemaccuratelypredictsthe overall featuresof a new
motion,ascomparedo groundtruth measurements.

In this paper we focuson modelinghumanlocomotionfor two
reasons. First, locomotionis centralto humanmovement. Sec-
ond, in contrastto high-enegy motionssuchas high-jumping, it
is muchmoredif cult to generateealisticwalking andotherlow-
enegy motionsby optimization.Whereasigh-enegy motionsare
determinedorimarily by a small numberof dynamicand physical
constraintsJow-enegy motionsrequiremuch more accuratede-
tailed modelsof dynamicsandstyle. In fact, it hasnot previously
beenshawvn that full-body humanwalking is optimal with respect



to muscle-usageQur learningand synthesigproceduresare gen-
eralandwe anticipatethat they will enableanalysisof moregen-
eraltypesof motions,aswell asanalysisof animalswith different
kinematicsor dynamicsfrom humans.

All biomechanicamodelsinvolve simpli cations, and oursis
no exception. We usean abstractedepresentationf dynamicsin
orderto capturethe mostsalientelementof motion. Themostsig-
ni cant simpli cation is thatwe treatjoint stiffnessasan element
of stylethatdoesnotvary duringamotion. Consequentlywalking
andrunning— which normally entail differentdegreesof muscle
stiffness— aretreatedastwo differentstyles.Additionally, we em-
ploy aminimalmodelof themusculoskletalsystenthatrepresents
aggr@ate forcesat eachjoint, ratherthanthe speci ¢ structureof
individual musclesponesandtendons.

2 Related Work

Robotcontrollersimulationhasbeensuccessfullyappliedto thedo-
mainof realisticcomputeranimation yielding a variety of typesof
motions[Faloutsoset al. 2001; Hodginset al. 1995; Hodginsand
Pollard 1997; Raibertand Hodgins1991; Laszloet al. 2000; Sun
and Metaxas2001; Torkos and van de Panne1998; van de Panne
etal. 1994;van de Panneand Fiume 1993]. Thesemethodsyield
physicallyvalid motions,oftenin real-time.However, creatingcon-
trollers for a given taskremainsa dif cult processandit is even
moredif cult to createa controllerto represent speci c style of
motion.

The spacetimeonstraintframework, in contrastto simulation,
castsmotion synthesisas a variational optimization problem of
minimizing somephysical measureof enegy, suchasmuscleex-
ertion [Liu etal. 1994; Roseet al. 1996; Liu and Popwi¢t 2002;
Pandy 2001; Popwit and Witkin 1999; Witkin and Kass1988],
or joint angleacceleratiorfFangand Pollard 2003]. Optimal en-
emgy movementand intuitive control give this methodgreatap-
peal. Unfortunately for complex charactersNewtonian physics
constraintsare highly nonlinear often preventing the spacetime
optimizationfrom cornverging to a good solution. This problem
prevents spacetimeoptimizationfrom being usedwhenthe start-
ing guessfor the optimizationis far away from the desiredsolu-
tion. Becausamary aspectof the real-life physicsare abstracted
away from the model, the optimizationtendsto producereason-
ableresultsonly for high-enegy motion (jumping,diving, acrobat-
ics, etc.),becausehesemotionsarelargely constrainedy whatis
physically possible Low-enegy motions,suchaswalkingandrun-
ning,dependnoreonthe ne detailsof thephysicalmodel,because
therearemary waysto performthesemotionswhile still satisfying
thephysicalconstraintsMuch of the motionstyleis determinedy
musculoskletalintricaciesthat are not usually modeled. For this
reason,when appliedto low-enegy motion, spacetimeoptimiza-
tion is highly sensitve to the startingposition of the optimization
— the optimizationoften convergesto a physically-valid but unre-
alistic solution. Safonwa et al. [2004] obtain bettercorvergence
andmorerealisticmotionsby parameterizingnotionwithin alow-
dimensionalsubspac@btainedfrom a collection of examplemo-
tions. Our framewnork shavs thatrealisticmotionscanbe obtained
within a purely enegy-basednodelwithout a subspacerojection
or extra penaltyterms. Additionally, our methodrequiresonly a
single examplemotionto de ne a style, ratherthana databasef
motionsin the samestyle.

Becausef thedif culties in directlymodelingphysicsandstyle,
learningsimple modelsof style from exampleshasrecentlybeen
an extremely active and productive areaof researcHArikan and
Forsyth2002;Arikan etal. 2003;BrandandHertzmanr2000;Gro-
chow etal. 2004;Kovar et al. 2002; Kovar andGleicher2004;Lee
etal. 2002;Li etal. 2002; PullenandBregler 2002]. Thesemeth-
odsmodify existing motion clips to createnew motionsaccording

to someconstraintswhile maintaininghespeci ¢ styleandexpres-
sivenesof the original motions. However, sincethesemethodsdo
not explicitly modelphysics,the outputis limited to directmodi -
cationsto theavailablemotions.For example,if we only have clips
of anactorwalking, thenwe canonly synthesizenorewalking,and
not, say climbing or descendingstairs. Consequentlyextremely
large motion databasesay be requiredfor general-purpossyn-
thesis.Our work aimsto infer the physical systemthat produceda
givenmotion,which providestheability to generalizéo mary new
motionsthatwerenotincludedin thetraining data;therepresenta-
tion of styleis muchmore compact. Our work hasthe disadwan-
tagethatit is morecomputationallyintensive, andcanonly capture
stylesdescribedy the physical model. Motion ltering, warping,
andretagettingmethodqGleicher1998;Roseetal. 1998; Tak and
Ko 2005;Unumaetal. 1995; Vasilescu2002; Witkin andPopa/it
1995] can be usedto modify existing motions, but are limited to
small modi cations of motion trajectorieswithout changingcon-
straints,suchasthe numberof footstepsandwithout maintaining
dynamicvalidity of the motion. In constrastpur systemis nottied
to the particulareventsin the example motion, and can generate
new physically-correctmotionswith new sequencesf constraints
andnew lengths.

Neff and Fiume[2002] point out the importanceof muscleand
springtensionin motion,andapplytheseobsenationsto keyframe
animation. In their system,all parametersnustbe determinecby
ananimator

Previous Inverse Optimization algorithms searchfor enegy
functionsin which themeasurediatais optimal; Heubeger[2004]
providesa detailedsuney of inverseoptimization. Existing meth-
ods apply only when the forward optimization problem has re-
stricted structure,such as linear programmingand network- ow
problems. Approximateinverseoptimizationis an openproblem
[Heubeper2004];we preseniNIO, a rst attemptataddressinghis
problemarea.NIO doesnot requirespecialstructurein the enegy
function, exceptthatit be differentiable.NIO doesnot ensurethat
aninverseis found, but we have found it to producegoodresults
nonetheless.

Alternatively, maximumlik elihoodandBayesiariearningmeth-
ods canlearn enegy functionsde ned in termsof probabilities.
However, thesemethoddeadto objective functionswith intractable
integrals(AppendixC). Previous methodshave usedrandomsam-
pling techniquesto optimize this integral [Geyer and Thompson
1992; Hinton and Sejnavski 1986; Hinton 2002]. However, no
existing algorithmis capableof ef cient randomsamplingin our
case,wherethe problemshave thousandf dimensionsand are
subjectto hardnonlinearconstraints However, NIO is inspiredby
Contrastve Divergence[Hinton 2002], a probabilisticmethod.We
alsoshawv aconnectiorbetweerinverseoptimizationandmaximum
likelihood. In concurrentvork, LeCunandHuang[2005] describe
relatedenegy learningmethoddor classi cationandregression.

Our work alsorelatesto methodsthat learndynamicalsystems
from data. NeuroAnimator[Grzeszczuket al. 1998] ts a neural
network to aknown dynamicalsystemwhereasve focusonlearn-
ing dynamicsanda physical enegy function from motion capture
data. Bhatet al. estimateshe parameter®sf a 2D rigid-body sys-
tem [2002] or a cloth simulation[2003] from a video sequence.
Thesemethodsfocus on passie systemsor systemsn which all
forcesareknown. In contrastwe addresgproblemsinvolving un-
known forcesdesignedo minimizeanunknovn enegy function.

3 Overview

We view realistic humanlocomotion as a result of an enegy-
optimal processthat achieves a given set of tasksrepresentedby
ernvironmentand goal constraintsC. To computea new motion
X, we minimizethe enegy objective functionE(X; q) which com-



putesthe total amountof torquedueto muscleforces(Section5).
Theparametevectorq encapsulatesll elementof physicalstyle:
muscle/tendorelasticproperties shoeelasticparametersandrel-
ative preference$or muscleusageat eachjoint. In Section4, we
describeour model of motion asa function of all externalandin-
ternalforces:muscletorquesgravity, springforces,internalelastic
forces,groundcontactforces,andshoeelasticforces.

Givenamotion capturesequence&t andconstraintsC, we can
estimatethe parametewector q that gave riseto it. This is done
by nding a g for which Xt is the minimizer of E(X;q). This
searchis performedby NonlinearinverseOptimization(NIO), as
describedn Section6. TheconstraintsC areestimatedn a prepro-
cessdescribedn AppendixA. Having extractedthe physical style
g, we cangenerata wide rangeof motionsin the samestyleasthe
examplemotion, by minimizing the enegy functionwith the same
g but new constraintsexamplesareshavn in Section?.

4 Motion dynamics

Thedistinctive featureof our spacetimeptimizationframework is
arepresentatiothataccountdor key aspect®f themusculoskle-
tal structure:relative strengthof musclesimpedanceand neutral
position parameterof passve structuresaroundeachjoint. We
representhe characteskeletonasa transformatiorhierarcly that
comprised8bodynodes29joint DOFsand6 rootDOFs,androta-
tionaljoints areparameterizetly exponentiamapg Grassial 998].
We write the Lagrangiarequationsof motiont soasto includethe
effect of generalizedorcesassociateavith DOF qj:

o d T 1T
QA o o -0Qj (2)
2N(j) dt fa;  fq; )

whereT; denoteshekinetic enegy of bodynodei andN(j) is the
setof body nodesin the subtreeof joint DOF q;, and Qj is the
aggreate generalizedorcesactingon gj. The kinetic enegy of
bodynodei canbe computedas:

Ti= %tr WiMw{ )

whereW; is the chainof the transformationgrom the root of the
skeletonto bodynodei andM; is the masstensorof thebodynode
i. Theleft-handsidetermsof Equationl canbe computeds:

d 1T 1T Wi, o
S T e T ] 3
dtfg; Moy fg 3)

Theaggrgategeneralizedorce Q; actingonaDOF q; isasum
of generalizedorces:

Qj = Qmj + QgJ + ij + QCj + QSj (4)

The right-hand-sidgermsin this expressionrepresenthe aggre-

gategeneralizedorcesdueto musclegQm,), gravity (Qg, ), passve

springsanddampergQm,), groundcontact(Qc, ), andshoesprings

(Qs))- Theseequationsepresentheforcesataspeci ¢ timeinstant

t; for brevity, thedependencent is omittedfrom theseequations.
We next describehegeneralizedorcesin detail.

1The morecommonde nition of the Lagrangianincorporategpotential
enegy. We includegravity in the aggr@atejoint forcesinstead(which is
equialentto themorecommonform).

Figurel: The characterconsistsof 18 body nodesand 35 DOFs.
The aggr@ate generalizedforces acting on eachjoint j are:
muscles(Qm,), gravity (Qg,), passve springsand damperg(Qp,),
groundcontact(Qc; ), andshoesprings(Qsj). Theaggreatespring
forcefrom thepassie elementgQy, ) is illustratedasaspringanda
damperandtheactive muscleforce (Qn,) is illustratedasa motor

Gravity. Gravity canbeviewedasa constanforce m;g actingon
thecenterof massof eachbodyparti. Thegeneralizedorcedueto
gravity actinguponjoint DOF g is computedas:

TWi
Q= a ﬁ—_'ci (mg) (5)
i2nG) i
wherec; is the centerof the body nodei in its local coordinate
frame,m is the massof the bodynodei, andg is the gravitational
acceleration.

Passive Joint Forces. Ourmodelaccountdor the passie joint
forcesdueto the stretchingof opposingmusclestendonsandliga-
ments.Tendonsarestretcly tissueconnectingnusclego thebones,
andligamentsare brous tissuethatjoin oneboneto anotheracross
ajoint, keepingthejoint in place. Both tendonsandligamentsact
asspring-like elementghatdampermotion. It is worth notingthat
thesepassie generalizedorcesareusedextensiely in naturallo-
comotionto reduceenegy consumptionincreasestability andsim-
plify thecontrol. As thetissuearoundeachjoint stretchesndcon-
tracts,enepy is temporarilystoredandreleasedthusincreasinghe
efciency of locomotion. In running,this mechanisnof exchange
betweenkinetic and elastic potentialenegy appeardo consere
about20-30%of the enegy that would otherwisebe suppliedby
musclegAlexander1988]. Similarly, althoughopposingmuscles
arethe only realtorquegenerator@aroundeachjoint, they arealso
quite elasticand contrikute to the aggreate passve forcesaround
the joint. Our modelseparateshe generalizedorce contribution
of all musclesarounda joint into a pass¥e and active portion. If
all muscleloadsarounda joint are kept constantthe entire joint
systemcanbeviewedaspassie, eventhoughall musclesnightbe
actuatedAny variationof muscleloadsaway from this equilibrium
is consideredan active componenbf the generalizedorce, andis
subsequentlyninimizedwith the objective function. Somestudies
suggesthat animalskeepoverall leg stiffness x ed during walk-
ing andrunning[He etal. 1991],but vary stiffnessaccordingo the
speci ¢ locomotiontask, suchasrunningon a surfaceof varying
stiffness[Farley and Morgenroth1999]. Thesecollective spring-
like effects are also signi cantly differentfor eachjoint. In the
absencef all muscleforcesandgravity, eachjoint alsohasa de-
faultreststateattheequilibriumof all muscle tendonandligament
forces.NASA experimentshave reportedonthesesquilibriumjoint
positionsfor humangn arelaxed statein outerspaceandreported
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Figure2: We usetwo differentspringcoefcients (kg andky) to
modelthe passie elementsn stretchingstateandcontractingstate
respectiely. q; is the joint angleof g at restin absenceof all
externalforces.

thatthevaluesaredifferentfor differentpeoplefMount etal. 2003].
Opposingmusclesaroundeachjoint caneasilysettheseneutralpo-
sitionsto differentvaluesdependingn thelocomotiontask.

We write the force dueto passve elementsasa linear damped

springforce: B
Qp = Kks(@j ) Kky;q; (6)

whereks; and ky; are the spring coefcient and damping coef-
cient that model the spring force causedby the stretcly tissue
aroundjoint DOF gj, andq; is the joint angleof q; at restin ab-
senceof all external forces. We usetwo differentspring coef-
cients, ks, andks;, to modelthe passve elementsin stretching
stateand contractingstaterespectrely (Figure 2). Sinceour op-
timizer requiresforcesto be continuous,we usea sigmoid func-
tion, g(x) = (tanH50) + 1)=2 to approximatehediscontinuityat
qj = q;:

ks, (dj) = 9(q;

Ajks; + (1 9(a  aj) ke, 7

Environment Constraint Forces. During groundcontact,we

useCoulombs friction modelasdescribedy PollardandReitsma
[2001]to computetheforcecausedy thefriction betweerthechar

acterandtheernvironment.A friction coneis de nedto betherange
of possibleforcessatisfyingCoulombsfriction modelfor anobject
atrest.We ensurahecontactforcesstaywithin abasisthatapprox-
imatesthe coneswith nonn@ative basiscoefcients / p:

Q = é_/pvﬁ

LT ®

whereV isa4 3 matrix consistingof 4 basisvectorsthatapprox-
imately spanthe friction cone. Finally, 7777—(;;3 projectsthe contact

forceinto the spaceof gj, whereCy, is a positionalconstrainthat
X esapointonthecharacteto its environment.

Shoe Forces. The spring-like natureof shoescontritute to the
overall “bounciness’of locomotion. To simulatethis elasticforce,
we usea springthatonly activateswhenthe distancebetweerthe
footandthe oor islessthantherestlengthof thespring(Figure3).
Again, we usea sigmoidto approximatea stepfunction:

fTh(a)
7q;

Qs = g(h  h(a)) ksnodh  h(a)) 9)

whereﬁdenotesherestlengthoftheshoapring,h(q) indicateghe
vertical distancebetweenthe heelandthe oor, andkghge denotes
the spring constantfor the shoe. As with the contactforce, %é?)
projectsthe elasticforceinto the spaceof q;.

Figure3: Theelasticforce of theshoeds modeledby a springthat
only activateswhenthe distancebetweerthe foot andthe oor is
lessthantherestlengthh of the spring. h(q) indicatesthe vertical
distancebetweerthe heelandthe oor.

4.1 Determining muscle forces

A completemotion is representeds a vector X containingjoint

anglecon gurationsg andcoefcients of groundcontactforces/ :

X =fqu;a0;::50q0; 1 1;1 2500051 pg, whereL is the numberof the
framesin the motion,andP is the numberof footstepconstraints.
For ef ciency, we parameterizenotionsascubic B-splines with a

sufcient numberof control pointsto allow detailedmotion. The
muscleforcesQm, caneasilybe computedfrom Equationsl and
4, asafunction of amotion X, the physical parametergy, andthe
time instantt:

o d 1T T
Om (t;X;q) = ——— — Qg Q¢ Qs
m ( a) izﬁ‘(j) dt 7q; aqj 9 K ¥

ij (10)

Sincethereareno musclesor tendonsgthatapply forcesdirectly
to theroot DOFs,a separatequationappliesat theroot; this equa-
tion saysthatthe global motion of the characteiis completelyde-
terminedby the aggregjateexternalforces:

. d T 9T
Q. tX;g)= & T Th

—7— 7 Qu Q
i2ngo) 9t Mo Tak o

Qs =0 (11)

wherek indexesoverthe 6 global DOFsattherootandN(0) is the
setof all bodynodes.

5 Motion synthesis by minimizing muscle
usage

The main functionality of musclesis to move bonesaroundtheir
joints by contractingandrelaxing. While minimizing muscleus-
agecertainlymakessensepptimizationmethodsoften neglectthe
large variability in musclestrengthand usagepreferencefor each
joint. For example,the musclesdriving the hip joint cangenerate
signi cantly larger torquethanthe shoulderor elbov muscles.In
addition, animalspreferto use certainmusclesand joints simply
becaus¢hey maybemorerohust(lesslik ely to sprainor tear)[Full
etal. 2002]. Differentmusclepreferencesigni cantly changethe
resultingstyle of the optimal motion. We will referto the relative
preferenceof pawer usagefor joint DOF q; by a corresponding
scalaraj. We speci cally measureeffort in termsof muscleforce
usageby summingthe squarednagnitude®f theforcesatall joint
DOFs| overall time stepd:

E (X;a)= 38 a) (Qm (t:X;q)° (12)
J

The weights a capturethe relative preferencefor usageof dif-
ferent joint DOFs, and are normalizedto sumto 1. The com-
pletephysicalstyle of acharacteis collectedin a parametewector



g = f a;ks;Kq;q; kshos hg. In oursystemthe parametevectorq is
147-dimensional.

In orderfor a motion to be physically valid, it should satisfy
Qo = 0. However, our simpli ed skeletondoesnot provide enough
accuray to satisfy this constraintexactly. Instead,we adda soft
constraint:

E(X;q)= & é} a;j(Qm(t: X; @))%+ wr & :;:1 (Qo (t;X;q))% (13)
j k

We usew; = 100,alargevaluecomparedo a.
The motion with the speci ¢ physical style q is computedasa
solutionto thefollowing nonlinearoptimizationproblem:
n;(in E(X;q) subjectto C(X)=0 (14)
whereC denoteghe footstepconstraintandthe boundson X. As
ashort-handyve will alsowrite this minimizationas:

min E(X:q) (15)

For all exampledn this papermotionconstraintsvereexpressed
in theform of constrainton footsteps Speci cally, eachconstraint
X es a point on one of the charactes feetto a speci ¢ point in
the ervironmentfor a speci ¢ period of time. Theseconstraints
are either provided by the userusing a simple sketchingtool we
designedseeaccompaning video), or extractedfrom a captured
motion sequenceasdescribedn [Liu andPopwic 2002]. In our
experiencemanuallycreatingfootprintswith reasonabl@ositions,
durationsandthefrequengy is noteasy We usecapturedootprints
for thosemotions containingcomple steps,suchas for a sharp
180 turn.

6 Nonlinear Inverse Optimization

We now describeNonlinearlnverseOptimization(NIO), a method
for determining optimization parametersfrom measureddata.
Givenanobsenedenegy-optimalmotior? X1; how canwe deter
mine the physical parametersg; thatgave riseto it? Oneapproach
would beto minimizetheleast-squaredifferencebetweerthe ob-
senedmotionandtheresultof spacetimeptimization;howvever, as
discussedn AppendixB, this approacheadsto mary dif culties.

We begin with theassumptiorthatthe motion Xt wasgenerated
by spacetimeoptimizationasin Section5. Consequentlythe true
motion parameterg shouldsatisfy

E(X:q) = minE(X;q) (16)

However, it is notimmediatelyapparenhow onewould searchor
a g thatsatis esEquation16. Moreover, thereis no guaranteghat
sucha q exists,becaus®f noiseandinaccuraciesn themodel.
Instead,we proposethe following Inverse OptimizationObjec-
tive:
G(q) = E(XT:q) MinE(X;q) 17

This objective function hasthe propertythat G(q) = 0 only when
g satis esEquation16; G(q) > 0 otherwise.This meanghatary
parametergy that satisfy Equation16 areglobal minimaof G(q).
Evenif we cannot nd a g thatsatis es Equation16, minimizing
G(q) will try to get X1 as‘“close” to being optimal as possible.
Hence we useG(q) asanobjective functionfor estimatingg. Ad-
ditionally, in orderto avoid degeneratesolutionswherea; 0, we
wouldliketo ensur&'ij a;j = 1,and,in orderfor musclepreferences

2We extract motion parametert andconstraintsC from raw marker
dataasdescribedn AppendixA.

to beplausible we alsorequirea
soft constraints:

Ofor all j. In practicewe use
D(q) = wij & & Lji*+wa Xa;) (18)
j i

wherew is a large weight (we usew = 10%), and (x) penalizes
negative values(S(x) = 0 for x  0; §(x) = x2 for x< 0). The
problemof determiningg from theobseredmotionis then

arg mqin G(q) + D(q) (19)

The secondermin Equationl7 cannotbe evaluatedexactly, as
it would requireglobal optimization. We evaluateit approximately
using SNOPTIGiIll et al. 1996], a non-linearoptimizer Equiva-
lently, one may alsomodify the objective functionto considerthe
local minimumdiscoveredby SNOPT ratherthanthe global mini-
mum. In this latterview, it is possibleto designoptimizationalgo-
rithmsfor G(q) thatareguaranteediever to increasehe objective
function.

6.1 Learning algorithm

We now describeanalgorithmfor learningg by minimizing G(q).

Standardsearchtechniquescannotbe applied becausehe objec-
tive functionis highly nonlinearandnon-differentiable:evaluation
of G(q) requiresa solutionto a comple non-linearminimization
problem. For example,sinceq is 147-dimensionalandeacheval-
uationof G(q) in our examplestakes 4-8 minutes,computinga
singlegradientwould take approximatelyl5 hours;eventhenthere
is a questionof whetherthe gradientwould be accurate However,

supposefor a given estimateq, we computethe optimal motion
Xg= amminy,c E(X;q). Thekey ideaof our algorithmis to lo-

cally approximate5(q) with

G(q) = E(XT:9) E(Xsq) (20)

sothatwe mayapproximatehe gradientof G(q) atf/ as

d
dq

R

1q EXsq)  (21)

d N
@G(Q) G(q) = ﬁqE(XT-Q)

This givesusanapproximategradientdirectionthatcanbe usedas
asearchdirectionwithin aniterative numericaloptimizationproce-
dure: at eachiteration, the algorithmcomputesa “counterecample
motion” X, evaluatesEquation21, andthenupdatesy by takinga

small stepin the negative approximategradientdirection. We can
interpretthis algorithmasfollows. During optimization thecurrent
parameteestimateq views Xs asa motionthat haslower enegy

thanthe obsenedmotion Xt (Figure4). Takinga stepin thenega-

tive approximateyradientdirectioncauses s to have higherenegy

and Xt to have lower enepgy, thusmaving closerto a g in which

X1 hasthelowestenegy of all possiblemotions. The step-sizas

determinedy aline-searctwith respecto G(q) + D(q); this pre-

ventsa stepfrom inadwertently making someother motion much
betterthan Xt. If g is optimal, then X1 and Xs have the same
enepy, andthe approximategradientis zero.



E(X;a1)

E(X:q0)
E(X;goptimal

XT Xg XT XT

Figure4: Intuition for NIO. The horizontalaxis of eachplot cor-
respondgo a spaceof possiblemotions,andthe vertical axisindi-
catesthe enegy of eachmotion. The plot at the right shavs our
goal, namely to nd a g for which Xt is “at the bottom” of the
enegy function. During optimization,however, we may have an
enepgy functionmorelike theoneontheleft, in which Xt is notat
the bottom. In eachstepof the optimizationprocesswe generate
a motion Xg that haslower enegy than X, andthenadjustqg to
“push” Xt slightly downwardandto “push” X g slightly upward.

Theentirealgorithmmaybe summarizedsfollows:3

function NONLINEARINVERSEOPTIMIZATION(XT)
initialize q
while not donedo .
Xs amgminkz2cE(X;Qq)
Dy FE(XT:iq) FEXsa)+ §D(q)
b amgmin, G(g bDqg)+ D(q bDq)
qg q bDg
endwhile

return g

We initialize a;j to be 1=M, whereM is the numberof joint
DOFs, for eachDOF j. Therestposeq is initialized asthe av-
erageposeof X1. Theshoeparameter&gnoeandh areinitializedto
thevaluesobtainedduring preprocessingAppendixA). We select
initial valuesfor ks,:j, Ks,;j, andkg;;j for eachjoint, by minimizing
theinferredmuscleforces:

min 3 (t; X; 7)) 2 22
fksljg:fkszjg;fkdjgaj'(le( q)) (22)

Weranthealgorithmfor exactly 50iterationsin eachof ourtests,
althoughcorvergencecouldalsobedetectedautomaticallyby com-
paring successie valuesof the objective function. We found that
theobjective functiontypically decreasebly severalordersof mag-
nitudewithin the rst 10 steps,andthenmadetiny improvements
afterthat (Figure5), in a mannereminiscenpf the linear corver
genceof gradientdescent.

The bottleneckin this algorithmis in computingXs; however,
this may be spedup by initializing SNOPTwith X, andby not
runningit to corvergence(sothatXs is not necessarilypptimal for
g, butis rathersomemotionwhich haslower enegy thanX.)

7 Experiments

We testedour algorithmby learningthe stylesof several walking
andrunningmotion capturesequencesEachstyleis learnedfrom

3Theline searctproceduras:

b 1

while G(g bDg)+ D(q bDg)> G(qg bDg=2)+D(q bDg=2)
andb> 10 8dob  b=2endwhile

return b

Figure5: NIO of the neutralwalk. The horizontalaxis shows the
iterationnumbern, andthe vertical axis shavs the value of G(q).
NIO obtainsa good solutionin very few steps. After learning,
E(X7;q) = 800937, andE(Xs; q) = 753532, indicatingthat, for
thelearnedstyle d the enepgy of the optimalmotionis very close
to theenegy of theobseredmotion.

asinglemotionsequencef 50-90framesat30fps (2-3 secondslu-
ration). We thenusedthesedynamicstyle parameterso synthesize
awide rangeof differentmotions(Figure6). We solve spacetime
optimizationproblemsusingSNOPTI[Gill etal. 1996]. Thelearn-
ing procesdook on the orderof 4 to 6 hoursper style, on a 2Ghz
Pentiumd4 machine Synthesitook approximatelyl0to 30 minutes
permotion. During synthesisye obtainedsomevhatfastercorver-
genceby optimizing explicit Qm, andQg, variablestogetherwith
the motion, andintroducing expiicit dynamicsconstrainty Equa-
tions10and11).

Our synthesisalgorithm doesrequirea reasonablénitial state.
Fromourexperimentssimpleinitializations,suchasa defaultpose
translatingthroughspace)eadto poorlocal minima. The follow-
ing proceduravasusedfor initialization in all of our experiments.
Givennew footstepconstraint§C) andthetargetmotion (Xt), we
generat@nappropriatenitial sequence thefollowing threesteps.
First, we t a splineto the horizontalcoordinatef the footstep
constraintsandinitialize the horizontalcoordinate®f theroot po-
sition to bethe spline's positionat eachtime instantt. Secondwe
initialize the global rotationswith the splinetangentsat eachtime
t. Third, for eachtimet, we nd theposein the examplesequence
X7 thathasthe mostsimilar footstepconstraintgo the constraints
in timet, andcopy thejoint anglesandroot heightto timet.

Estimating style parameters. We usedNIO to learnthe style
of a neutral,balancedvalking sequenceTo evaluatethe style pa-
rameterdearnedfrom this input sequenceywe generate motion
with thelearnedstyleandwith the samefootprintsastheinputmo-
tion. As shavn in theaccompanying video, the synthesizeanotion
is visually identicalto theinputmotion. To demonstrat¢heimpor-
tanceof musclepreferences@nd passie elementsin synthesisof
naturalmotions,we designedollowing two experiments First, we
synthesized motionwith the samefootprintsasthe input motion,
but without consideringnusclepreferenceg¢a = 1 for all thebody
nodespndwithoutpassie elementgks; = ks, = Kg; = Kshoe= 0).
In the secondexperiment,we learnedmusclepreferences in a
model without passie elementsand usedthe learneda to syn-
thesizea motion constrainedby the samefootprints as the input
motion. Note thatlearningthe musclepreferencesloneproduces
a motion reasonablycloseto the input motion. However, with-
out springanddampeiforces,the movementof somejoints appear
looseandunnatural.

Creating motions with new constraints. We cansynthesize
new motionsin the samestyle asthe previouswalking sequencéy



Figure6: Examplef synthesizednotionsin variouswalking andrunningstyles.Fromtop to bottom: 180-dgreewalking turn, limp walk,
descendinginincline, walking with a suitcaserunningwith springyshoesascendin@nincline.



providing new footprint constraintsln the rst example(shavn in

the accompaying video), we shov a new walking sequencen a
cunved path. The new footprints causedthe charactetto leanher
torsointo the turn. We alsoshaw the samestyle appliedto a sharp
180 turn,wherethecharacteteansevenfurthertowardsthecenter
of rotation (Figure6, rst row). In additionto creatingnew foot-

prints, we can also modify the charactes skeleton. We shav a
motion sequencevherewe “locked” the charactes left kneeand
decreasethe rangeof movementon the joint of theleft hip (Fig-

ure 6, secondrow). To performthe samegait, the charactehasto

twist hertorsomoreaggressiely.

Capturing dierent styles. We have testedour style learning
algorithmon arangeof phenomenasuchasvariationsdueto emo-
tional state,individual body shape andfunctionalactiity suchas
walking or running.Welearneda “sad” stylefrom acapturedvalk-
ing sequenceand synthesizedvalking uphill and downhill in the
same'sad” style (Figure6, third row). In anotherexample,theac-
torwasasledto act“happy” whenwe capturecherwalking motion.
We allowedthefootprint constraintdo slideonthe oor to createa
skatingmotionin the“happy” style. Despitechangedn constraints,
theresultingmotionsstill exhibit the samestylesasthe examples.

Ourlearningalgorithmcanlearndifferentstylesfor differentin-
dividuals. We recordedmotionsof two subjectsvalking on alevel
surfaceandsynthesizedvalking uphill in their personaktyles(Fig-
ure6, sixthrow). In our framework, runningis considered differ-
entstylefrom walking becausef thedifferencein musclestiffness
in thesewo actions.To illustratethis, we usedthe style parameters
learnedfrom runningandappliedthemto walking. The character
exhibits alot of tensionin hermovementssincemusclesarestiffer
in running;theresultingmotionresemblepower-walking.

Editing styles and dynamics. We canalso edit the style pa-
rametersandthe dynamicproperties.To illustratethis, we changed
the massof the charactes right hand correspondingo carrying
a 3 kilogram suitcase.As a result, the charactedeansto the left
to counteracthe weight and swingsher right arm muchlessthan
before.Applying this changeto differentstylesyieldsdifferentop-
timal walking motions.For example,in the sadstyle,the character
carriesthesuitcasen front of herbody, whereasin thehapyy style,
sheswingsit backandforth (Figure6, fourth row).

Our physics-basedrameavork also modelsthe elasticity of the
charactes shoes By increasinghe elasticityof the shoeswe cre-
ateabouncierunningmotion(Figure6, fth row).

Comparison to ground truth and warping. In orderto eval-

uateour method,we comparedt to a groundtruth motion andto

amotionwarpingmethod,in the caseof walking uphill (Figure7).

We performedmotioncaptureof anactorwalkinguparamp.Then,
usingthe neutralwalking style learnedfrom an actorwalking on

level ground,we synthesize nenv motionwith the samefootstep
constraintsas the captureduphill motion. Note that our method
accuratelypredictsthe overall featuresof the groundtruth motion,

includingleaninginto the slopeandapplyinglargerforcesat each
step,eventhoughthesefeaturesarenot presentn the examplemo-

tion. For comparisonye alsogeneratedhe motionusinga motion
warping methodthat doesnot model dynamics;instead,it warps
the examplemotion to the new constraints,and usesthis motion
asinitialization in anoptimizationof the smoothnessf the motion
subjectto footstepconstraintsThewarpedmotiondoesnotcapture
theproperdynamicsof themotion, e.g.,thecharactedoesnotlean
into theslope.

Figure7: Comparisorto motion warpingand groundtruth. Top:
Motion captureof a personwalking up a ramp. Middle: Motion
predictedby our method,usinga style learnedfrom walking on a
level surface.Althoughthe predictionis notidenticalto themotion
capturesequencegur methodhasaccuratelypredictedthe overall
dynamicnatureof the motion, suchasleaninginto the slope,and
exerting more force at eachstep. Bottom: Motion predictedby
warpingthelevel motionandsmoothinghemotionwhile satisfying
foot constraints. Many dynamicfeaturesof the groundtruth are
absenfrom thewarpedmotion.

8 Discussion and future work

We have describech modelof humanlocomotionthatincorporates
several importanthypothesef biological motion: optimality of
locomotion, relative preferencedor applying torquesat different
joints, theimportanceof springanddamperelementsandthe im-
portanceof variabletensionto style. We have alsodescribeagnovel
framework for learningbiomechanicaparameterérom examples.
We have found eachof thesecomponentso be essentiato produc-
ing realisticmotions.For example without springsthe characteis
unnaturallyloose;without learning, it is too dif cult to determine
reasonablenodel parameters.The ability of our systemto create
realistic-lookingmotions,and, in the casesve have tested,to ac-
curatelypredictrealmotions,stronglysuggestshatthe systemhas
accuratelymodeledthe essentiafeaturesof humanlocomotion.

Many openguestiongemain,aswell asexciting avenuedor fu-
turework. We anticipatethat generalization®f this modelcanbe
usedto modelavery wide rangeof animalmotion.

Musculoskeletal modeling. We have useda highly-abstracted
modelof dynamicsjn orderto captureheessentiafeatureof mo-
tion. Thereare a numberof waysto generalizethe model, such
asdetailedgeometricmodelsof bones musclesandtendonsand
detailedmodelsof muscleactivation. Oneimportantsimpli cation
we have madeis to keepmuscletension x ed, whereashumans
vary stiffnessfor differenttasks.A moresophisticatednodelwould
learnthe enegy costdueto varying muscleactivations,although
this mayrequirealargertrainingdatabaselHence our presensys-
tem will not be ableto accuratelypredict motionswith different
stiffnesscharacteristicssuchasaccuratelypredictingthe natureof
awalking motionfrom runningdata.

We have found the learningprocesgo be effective whengiven
differentbiomechanicamodels. For example,an early versionof
our systemuseda poor modelof groundcontactforces;NIO was
ableto learn a reasonablenodel of mostaspectsof motion, but



ground contactappearedinrealisticin synthesizednotions. For
thisreasonyve areoptimisticthatNIO will work well with abiome-
chanicalmodelsof greateror lessercompleity, subjectto the de-
scriptive power of the model. Determiningthe appropriatemodel
compleity for variousspeci ¢ problemsemainsanopenquestion.

Other types of motions and characters. We anticipatethat
our generalapproactcanbe appliedto othertypesof motionsand
othertypesof animals,althoughthe detailsof the biomechanical
modelmayvary in differentcases.

Mo del accuracy and uniqueness. Themainassumptiorof our
approachis that the examplemotion is enegy-optimal. It seems
reasonabléo hypothesizehata “neutral” walking motionis opti-
mal with respecto, for example, metabolicenegy consumption.
On the otherhand,the enegetic hapy walk may not be the most
enegy-efcient methodfor locomotion.Nonethelesst maybeop-
timal with respecto adifferentenegy function,onethat,for exam-
ple,re ectsthehappy persons strongpreferencéor moreexagger
atedgestureshannecessaryOurapproachmodelsthesecasedy a
physicalsystenthatexplainsthemotionandcangenerateen mo-
tions,but, in doingso,con atesemotionalktatewith biomechanical
properties.

An openquestionis to determinein what casesare the model
parametersiniquely-de nedby the motion capturedata,andwhen
the estimationis stable. For purposef animation,uniqguenessf
the model parameterss not essential,what mattersis the ability
of the systemto accuratelygeneratenen motions.We suspecthat
uniquestyle of the model could be determinedby learningq pa-
rameterdhat t asetof motions,ratherthana singleshortmotion.
Furthermoreit would bevaluableto performdetailedbiomechanic
analysisof locomotionvariability by measuringheforcesandten-
sionsfrom real subjectsperforminga setof tasks,and comparing
thesemeasurement® thoseproducedy our generatie model.

Properties of NIO and extensions. We have found NIO to
work well in practice,andit hasa numberof appealingheoretical
properties suchas corvergencewhenG(qg) = 0. Yetwe have an
incompleteunderstandingf NIO's propertiessuchaswhetheiit is
guaranteedo solve G(gq) = 0 whena solutionexists. Oneintrigu-
ing questionis whetherwe canlearnthestructureof problemsij.e.,
to determinebiomechanicaimodelsor determinethe constraints
thatwererequiredto createmotions.

There are a numberof practical extensions,such as handling
nuisanceparametersnon-trivial noiselevels,andmodelselection.
Theseissueswould be straightforvard to modelin a probabilistic
setting,but thiswould leadto substantiatomputationathallenges.

Stylistic variation.  Sinceour modelof stylerepresentphysical
propertiesof motion, we anticipatethatit canbe usedto generate
new styles; one possibleapplicationis to createa linear spaceof
stylesthat can be usedto generatenew motionsor to recognize
existing styles.

Biomechanics reseach. An importantandcontrosersialques-
tion in biomechanicss whethermovementsare “optimal” in ary
sensdAlexander2001]. Basedon our preliminarytestswe believe
that NIO canbe usedin humanmotion researcho createhighly
predictve modelsof motion basedon optimization,therebylend-
ing supportto the optimizationtheoryof motion.
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A Motion preprocessing

Wereconstrucamotion(X) andthemasgensorgM) directlyfrom
theraw dataacquiredby a motion capturesystem.The motionse-
quenceswvere capturedat the rate of 120 frames/secondndthen
down-sampledo 30 frames/secondreconstructinghemotionen-
tails estimatingthe joint anglesand the ground contactforcesat
every time step. We have found that using standardnversekine-
maticsto estimatgoint anglesyields motionsthatappearaccurate
visually, but that containunrealisticlevels of noise. Theseminute
variationscorrespondo very large dervatives, and thusto unre-
alistic forces. Instead,we formulatedan spacetimeoptimization
that ts eachhandleh;(g) on the characterto the corresponding
recordedmarler pj, subjectto a dynamicconstraintson the global
DOFs:

subjectto Q=0 (23)

min_ 3 jihi(a) pijj?
sKshoe i

Motions obtainedthis way have much smoothersecondderiva-
tives,while still matchingthe originally markersfaithfully. Conse-
quently style parametersg extractedfrom thesemotionsaremore
robustfor synthesizingnotionswith new constraintsNotethatthis
optimizationalsoestimategroundcontactforcesfor all time steps
(parameterizedly | coefcients) basedsolelyonthemotionof the
charactes centerof mass. Inspectingmeasurednotionssuggests
thatverticaltranslatiordueto theroot DOFsdominatesll thatdue
to all other DOFs, and so the abore procedureshouldyield rea-
sonablyaccurategroundcontactforces. Measurementsould also
be performedon a force platformin orderto obtainexact ground
contactforces.

In orderto determinethe masstensorfor eachellipsoidalbody
node,we rst setthe majoraxislengthto matchthe corresponding
limb length,andthenscalethe otheraxesequallyin orderfor the
limb's volumeto matchthe masddistribution for humanglescribed
in thebiomechanicéiterature[de Leva 1996;Pearsaletal. 1994].

B Least squares learning

A temptingapproactto learningq is to solve for the g that mini-
mizesthefollowing least-squaregbjective function:

jiX inE(X; q)ji’ 24
Xt amgmin (X; q)ij (24)

Our earlytestswith this approachwereentirely unsuccessfulT his
approachis fraught with mary dif culties. First, this objectve
functionpresumeshattheobseredmotionis theuniqueminimizer
of the enepgy function; if thereis noisein the system,if thereare
approximationdn the model, or if the enegy function doesnot
have auniqueminimum,thenthemotion Xt maybedifferentfrom
that returnedby an optimizer Second,this objective function is
likely to have mary spuriouslocal minima, becauseadjustments
to g may malke very unpredictablechangego the optimal motion.
Third, theredoesnotappeato beareliableprocedurdor producing
searchdirectionsfor this objective function; for example,gradient
descenttannotbe appliedbecausave cannotcomputethe gradi-
entof theobjective. As aresult,expensve searchmethodssuchas
simulatedannealingor nite differencesvould berequired.These
methodsarevery expensve evenfor low-dimensionaproblemsin



our case,q is 147-dimensionalywhich suggestghat optimization
couldtake daysor evenweeks.In contrastNIO suffersfrom none
of theseproblems:it is very fast, robustto initialization, anddoes
notrequirea userdesignednutationfunction.

C Relation to Maximum Likelihood

In this section,we discusstheoreticalpropertiesof InverseOpti-
mizationandhow it relatesto maximumlik elihood(ML) learning.
A commonwayto de ne theprobabilityof anenegy-basedystem
is with a Gibbsdistribution:

e E(X;q)=t

R—
xzce OGO dx =

p(Xjq;t) =
wheret is calledthe “temperaturé. In ML, we would normally
remove the constraintthat§; a; = 1, andremove the temperature;
we thensearchfor the g that maximizesp(Xtjq). However, sup-
posewe x thevalueof t; learningg by maximizingp(Xjq;t) is
equivalentto minimizing

Le(@) = tinp(Xtigit), (26)
= E(X7;q)+ tIn e EXagx  (27)
7 X2C
= E(Xr:9) p(Xjg; t)E(X; g)dX
z
t p(Xjg;t)Inp(Xjg;t)dX (28)

The equivalenceof Equations27 and 28 may be shavn by substi-
tuting Equation25 into the nal instanceof p(Xjg;t) in Equation
28.

Now, considerthe behaior of this optimizationin the limit
ast! 0: p(Xjg;t) will becomea delta-functionaroundthe
minimum-enegy motion. Hence

ImLe()= E(XTiq) minE(X;q)= &(a)  (29)

Hence,the InverseOptimization Objective can be viewed as ML
learningin the zero-temperaturbmit. Furthermorepur optimiza-
tion algorithmcanbe viewed asa zero-temperaturéorm of Con-
trastive Divergence[Hinton 2002], sincesamplingfrom the delta-
functionis equivalentto nding the minimum-enegy motion.

Developingalgorithmsfor ML learningof q is a promisingbut
challengingavenuefor future work. We suspecthatthe ML esti-
mateof g would be moreusefulthanthe one producedby our al-
gorithm,asit would likely handlenoisemorerobustly, andprovide
aproperprobability distribution over motions. Moreover, consider
thefollowing optimizationscenariowvith threepossiblechoicesof
g thatall assigrthe sameenepy to thetargetmotion Xt:

E(X;a1)

E(X;q2)
E(X;q3)

XT XT XT

The InverseOptimization Objective views both g, and g, asop-
timal, sinceG(qg1) = G(gz) = 0. However, ML prefersq, to g,
sinceit assigrlggwigherprobabilitytﬁ the target motion Xt. (This
follows from y,ce EX®dX > y,-e EXi®)dX). Similarly,
ML would usually prefer gz over g1 and g, whereadnverseOp-
timizationwould preferg; or go. Intuitively, not only do we want
the obsered motionto be at the bottomof a “bowl” in the enegy
function,but thebowl shouldbe asdeepaspossible.
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