
Learning Physics-Based Motion Style with Nonlinear Inverse Optimization

C. KarenLiu
Universityof Washington

AaronHertzmann
Universityof Toronto

ZoranPopović
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Abstract

This paperpresentsa novel physics-basedrepresentationof real-
istic charactermotion. The dynamicalmodelincorporatesseveral
factorsof locomotionderivedfrom thebiomechanicalliterature,in-
cludingrelativepreferencesfor usingsomemusclesmorethanoth-
ers,elasticmechanismsatjointsdueto themechanicalpropertiesof
tendons,ligaments,andmuscles,andvariablestiffnessat jointsde-
pendingonthetask.Whenusedin aspacetimeoptimizationframe-
work, theparametersof this modelde�ne a wide rangeof stylesof
naturalhumanmovement.

Dueto thecomplexity of biologicalmotion,thesestyleparame-
tersaretoodif�cult todesignbyhand.Toaddressthis,weintroduce
NonlinearInverseOptimization,a novel algorithmfor estimating
optimizationparametersfrom motion capturedata. Our method
canextract thephysicalparametersfrom a singleshortmotionse-
quence. Oncecaptured,this representationof style is extremely
�e xible: motionscanbe generatedin the samestyle but perform-
ing differenttasks,andstylesmaybeeditedto changethephysical
propertiesof thebody.

CR Categories: I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism—Animation;
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mation,inverseoptimization

1 Intro duction

Creatingexpressive andrealisticcharactermotion remainsoneof
the main challengesin computeranimation. Traditionalkeyfram-
ing techniques,while expressive, are not well-suited for achiev-
ing realism.Physics-basedmethodsfor locomotionsynthesisshow
promisefor highly dynamicmotionssuchasjumping,diving, and
gymnastics,but it remainsverydif�cult to specifystylesof motion.
Dynamic simulationof low-energy motions— suchas walking,
jogging,andothercommonmovements— areevenmorechalleng-
ing, becausethesemotionsare not tightly constrainedby physi-
cal requirements,andso physical style playsa signi�cant role in
determiningmotion. Style itself is very dif�cult to parameterize,
especiallyin termsthatcanbeappliedto dynamicmotionrepresen-
tation.Morerecentdata-drivenapproachesto motionsynthesiscan
preserve therealismprovidedby examplemotioncapturedata,but
cannotproducenew motions. Consequently, data-driven methods
requirea largedatabaseof trainingmotionsin orderto allow �e xi-
bility. In this representation,thestyleanddynamicsof motionare
tightly coupled,sothereis noway to reasonabouthow thestyleof
themotionwould transferto amotionwith differentdynamics.
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In this paper, we presenta physics-basedapproachto creating
realistic,expressive motion. Our dynamicmodel includesan ab-
stractedrepresentationof anactor'smusclesandtendons,suf�cient
to capturethe essentialqualitiesof locomotionarisingfrom mus-
culoskeletalstructure.Furthermore,themodelincludesparameters
that encodean actor's relative preferencefor applying torquesat
somejoints morethanothers.New motionsarecreatedby space-
time optimization,minimizing the total muscletorquesaccording
to thosepreferences.The individual physicsandstyle of an actor
are describedby the completeset of musculoskeletal parameters
andmusclepreferences,andmodifyingtheseparametersyieldsnew
motionstyles.

Dueto thecomplexity of biologicalmotion,thesestyleparame-
tersaretoo dif�cult to designby hand. Moreover, it is controver-
sial whetheroptimizationis evena goodmodelfor humanmotion
[Alexander2001]. To addressthesequestions,we introduceNon-
linear InverseOptimization(NIO), a new algorithmfor automatic
estimationof physicsparametersfrommotioncapturedata.NIO as-
sumesthatthemotioncaptureis optimalfor a spacetimeoptimiza-
tion problemwith unknown parametersandknown constraints,and
solvesfor physicsparametersto maketheobservedmotionoptimal.
Wecanthengeneratenew motionsequencesasif performedby that
actor, in thesamestyleastherealactor, but satisfyingentirelynew
constraints.Becauseour methodlearnsa high-level descriptionof
style,we do not requirelarge trainingdatabases;thestylesin this
paperareestimatedfrom a singleshortmotionsequenceeach.For
example,oncewe have extractedthestyleparametersof a speci�c
walk, we candeterminehow this samepersonwould move with a
largebriefcasein their hand.

Our physicalmodelincorporatesseveralhypothesesaboutloco-
motion from the biomechanicsliterature. First, thereis a distinct
preferencefor usingspeci�c joints ratherthanothers,dueto varia-
tionsin joint strength,stability, andotherfactors[Full et al. 2002].
Second,biological systemsusepassive elementsin their muscu-
loskeletalstructure,suchastendonsandligaments,to storeandre-
leaseenergy, therebyreducingtotalpowerconsumption[Alexander
1988]. Third, animalsvary stiffnessof their joints whenperform-
ing differenttasks.For example,leg stiffnessis considerablyhigher
duringrunningthanduringwalking [Farley andMorgenroth1999;
Ferrisetal.1999]. Incorporatingthesefactorsleadsto increasedre-
alismin ourmodel.Althoughsomeof thesefactorshavebeenused
in animationsystems,they have not beenusedtogetherin physics-
basedanimation. This is likely due to the dif�culty of selecting
a large numberof simulationparametersby hand,a problemwe
addressby learningtheseparametersfrom data.Moreover, we an-
ticipatethatourapproachcanbeusedasameansto explorebiome-
chanicaltheories;to thisend,weshow apreliminaryexperimentin
which our systemaccuratelypredictstheoverall featuresof a new
motion,ascomparedto groundtruthmeasurements.

In this paper, we focuson modelinghumanlocomotionfor two
reasons.First, locomotionis central to humanmovement. Sec-
ond, in contrastto high-energy motionssuchas high-jumping,it
is muchmoredif�cult to generaterealisticwalking andotherlow-
energy motionsby optimization.Whereashigh-energy motionsare
determinedprimarily by a small numberof dynamicandphysical
constraints,low-energy motionsrequiremuchmoreaccurate,de-
tailedmodelsof dynamicsandstyle. In fact, it hasnot previously
beenshown that full-body humanwalking is optimal with respect



to muscle-usage.Our learningandsynthesisproceduresaregen-
eral andwe anticipatethat they will enableanalysisof moregen-
eral typesof motions,aswell asanalysisof animalswith different
kinematicsor dynamicsfrom humans.

All biomechanicalmodelsinvolve simpli�cations, and ours is
no exception. We useanabstractedrepresentationof dynamicsin
orderto capturethemostsalientelementsof motion.Themostsig-
ni�cant simpli�cation is thatwe treatjoint stiffnessasanelement
of stylethatdoesnotvaryduringamotion. Consequently, walking
andrunning— which normally entail differentdegreesof muscle
stiffness— aretreatedastwo differentstyles.Additionally, weem-
ploy aminimalmodelof themusculoskeletalsystemthatrepresents
aggregateforcesat eachjoint, ratherthanthe speci�c structureof
individualmuscles,bones,andtendons.

2 Related Work

Robotcontrollersimulationhasbeensuccessfullyappliedto thedo-
mainof realisticcomputeranimation,yieldingavarietyof typesof
motions[Faloutsoset al. 2001;Hodginset al. 1995;Hodginsand
Pollard1997;RaibertandHodgins1991;Laszloet al. 2000;Sun
andMetaxas2001;Torkos andvan de Panne1998;van de Panne
et al. 1994;van de PanneandFiume1993]. Thesemethodsyield
physicallyvalid motions,oftenin real-time.However, creatingcon-
trollers for a given taskremainsa dif�cult process,andit is even
moredif�cult to createa controllerto representa speci�c style of
motion.

Thespacetimeconstraintsframework, in contrastto simulation,
castsmotion synthesisas a variational optimization problem of
minimizing somephysical measureof energy, suchasmuscleex-
ertion [Liu et al. 1994; Roseet al. 1996; Liu andPopović 2002;
Pandy 2001; Popović and Witkin 1999; Witkin and Kass1988],
or joint angleacceleration[FangandPollard2003]. Optimal en-
ergy movementand intuitive control give this methodgreat ap-
peal. Unfortunately, for complex characters,Newtonian physics
constraintsare highly nonlinear, often preventing the spacetime
optimizationfrom converging to a good solution. This problem
preventsspacetimeoptimizationfrom beingusedwhen the start-
ing guessfor the optimizationis far away from the desiredsolu-
tion. Becausemany aspectsof the real-life physicsareabstracted
away from the model, the optimizationtendsto producereason-
ableresultsonly for high-energy motion(jumping,diving, acrobat-
ics, etc.),becausethesemotionsarelargely constrainedby what is
physicallypossible.Low-energy motions,suchaswalkingandrun-
ning,dependmoreonthe�ne detailsof thephysicalmodel,because
therearemany waysto performthesemotionswhile still satisfying
thephysicalconstraints.Muchof themotionstyleis determinedby
musculoskeletal intricaciesthat arenot usuallymodeled.For this
reason,whenappliedto low-energy motion, spacetimeoptimiza-
tion is highly sensitive to the startingpositionof the optimization
— theoptimizationoftenconvergesto a physically-valid but unre-
alistic solution. Safonova et al. [2004] obtainbetterconvergence
andmorerealisticmotionsby parameterizingmotionwithin a low-
dimensionalsubspaceobtainedfrom a collectionof examplemo-
tions. Our framework shows thatrealisticmotionscanbeobtained
within a purelyenergy-basedmodelwithout a subspaceprojection
or extra penaltyterms. Additionally, our methodrequiresonly a
singleexamplemotion to de�ne a style, ratherthana databaseof
motionsin thesamestyle.

Becauseof thedif�culties in directlymodelingphysicsandstyle,
learningsimplemodelsof style from exampleshasrecentlybeen
an extremely active and productive areaof research[Arikan and
Forsyth2002;Arikan etal. 2003;BrandandHertzmann2000;Gro-
chow et al. 2004;Kovar et al. 2002;Kovar andGleicher2004;Lee
et al. 2002;Li et al. 2002;PullenandBregler 2002]. Thesemeth-
odsmodify existing motionclips to createnew motionsaccording

tosomeconstraints,whilemaintainingthespeci�c styleandexpres-
sivenessof theoriginal motions.However, sincethesemethodsdo
not explicitly modelphysics,theoutputis limited to directmodi�-
cationsto theavailablemotions.For example,if weonly haveclips
of anactorwalking,thenwecanonly synthesizemorewalking,and
not, say, climbing or descendingstairs. Consequently, extremely
large motion databasesmay be requiredfor general-purposesyn-
thesis.Our work aimsto infer thephysicalsystemthatproduceda
givenmotion,whichprovidestheability to generalizeto many new
motionsthatwerenot includedin thetrainingdata;therepresenta-
tion of style is muchmorecompact.Our work hasthe disadvan-
tagethatit is morecomputationallyintensive,andcanonly capture
stylesdescribedby thephysicalmodel. Motion �ltering, warping,
andretargettingmethods[Gleicher1998;Roseetal. 1998;Takand
Ko 2005;Unumaet al. 1995;Vasilescu2002;Witkin andPopović
1995] canbe usedto modify existing motions,but are limited to
small modi�cations of motion trajectorieswithout changingcon-
straints,suchasthenumberof footsteps,andwithout maintaining
dynamicvalidity of themotion. In constrast,our systemis not tied
to the particulareventsin the examplemotion, and can generate
new physically-correctmotionswith new sequencesof constraints
andnew lengths.

Neff andFiume[2002] point out the importanceof muscleand
springtensionin motion,andapplytheseobservationsto keyframe
animation. In their system,all parametersmustbe determinedby
ananimator.

Previous Inverse Optimization algorithms searchfor energy
functionsin which themeasureddatais optimal;Heuberger[2004]
providesa detailedsurvey of inverseoptimization.Existingmeth-
ods apply only when the forward optimization problem has re-
strictedstructure,suchas linear programmingand network-�o w
problems. Approximateinverseoptimizationis an openproblem
[Heuberger2004];wepresentNIO, a�rst attemptataddressingthis
problemarea.NIO doesnot requirespecialstructurein theenergy
function,exceptthat it bedifferentiable.NIO doesnot ensurethat
an inverseis found, but we have found it to producegoodresults
nonetheless.

Alternatively, maximumlikelihoodandBayesianlearningmeth-
ods can learn energy functionsde�ned in termsof probabilities.
However, thesemethodsleadto objectivefunctionswith intractable
integrals(AppendixC). Previousmethodshave usedrandomsam-
pling techniquesto optimize this integral [Geyer and Thompson
1992; Hinton and Sejnowski 1986; Hinton 2002]. However, no
existing algorithmis capableof ef�cient randomsamplingin our
case,wherethe problemshave thousandsof dimensionsand are
subjectto hardnonlinearconstraints.However, NIO is inspiredby
Contrastive Divergence[Hinton 2002],a probabilisticmethod.We
alsoshow aconnectionbetweeninverseoptimizationandmaximum
likelihood. In concurrentwork, LeCunandHuang[2005] describe
relatedenergy learningmethodsfor classi�cationandregression.

Our work alsorelatesto methodsthat learndynamicalsystems
from data. NeuroAnimator[Grzeszczuket al. 1998] �ts a neural
network to aknown dynamicalsystem,whereaswe focuson learn-
ing dynamicsanda physicalenergy function from motioncapture
data. Bhat et al. estimatesthe parametersof a 2D rigid-bodysys-
tem [2002] or a cloth simulation[2003] from a video sequence.
Thesemethodsfocuson passive systemsor systemsin which all
forcesareknown. In contrast,we addressproblemsinvolving un-
known forcesdesignedto minimizeanunknown energy function.

3 Overview

We view realistic human locomotion as a result of an energy-
optimal processthat achieves a given set of tasksrepresentedby
environmentand goal constraintsC. To computea new motion
X, weminimizetheenergy objective functionE(X;q) whichcom-



putesthe total amountof torquedueto muscleforces(Section5).
Theparametervectorq encapsulatesall elementsof physicalstyle:
muscle/tendonelasticproperties,shoeelasticparameters,andrel-
ative preferencesfor muscleusageat eachjoint. In Section4, we
describeour modelof motion asa functionof all externalandin-
ternalforces:muscletorques,gravity, springforces,internalelastic
forces,groundcontactforces,andshoeelasticforces.

Givena motioncapturesequenceXT andconstraintsC, we can
estimatethe parametervectorq that gave rise to it. This is done
by �nding a q for which XT is the minimizer of E(X;q). This
searchis performedby NonlinearInverseOptimization(NIO), as
describedin Section6. TheconstraintsC areestimatedin aprepro-
cessdescribedin AppendixA. Having extractedthephysicalstyle
q, wecangenerateawiderangeof motionsin thesamestyleasthe
examplemotion,by minimizing theenergy functionwith thesame
q but new constraints;examplesareshown in Section7.

4 Motion dynamics

Thedistinctive featureof our spacetimeoptimizationframework is
a representationthataccountsfor key aspectsof themusculoskele-
tal structure:relative strengthof muscles,impedance,andneutral
position parametersof passive structuresaroundeachjoint. We
representthecharacterskeletonasa transformationhierarchy that
comprises18bodynodes,29joint DOFsand6 rootDOFs,androta-
tional jointsareparameterizedby exponentialmaps[Grassia1998].
We write theLagrangianequationsof motion1 soasto includethe
effectof generalizedforcesassociatedwith DOFq j :

å
i2N( j)

d
dt

¶Ti

¶ �q j
�

¶Ti

¶q j
= Q j (1)

whereTi denotesthekinetic energy of bodynodei andN( j) is the
set of body nodesin the subtreeof joint DOF q j , and Q j is the
aggregategeneralizedforcesactingon q j . The kinetic energy of
bodynodei canbecomputedas:

Ti =
1
2

tr
�

�W iM i �WT
i

�
(2)

whereW i is the chainof the transformationsfrom the root of the
skeletonto bodynodei andM i is themasstensorof thebodynode
i. Theleft-handsidetermsof Equation1 canbecomputedas:

d
dt

¶Ti

¶ �q j
�

¶Ti

¶q j
= tr

�
¶W i

¶q j
M iẄT

i

�
(3)

TheaggregategeneralizedforceQ j actingonaDOFq j is asum
of generalizedforces:

Q j = Qmj + Qg j + Qp j + Qc j + Qsj (4)

The right-hand-sidetermsin this expressionrepresentthe aggre-
gategeneralizedforcesdueto muscles(Qmj ), gravity (Qg j ), passive
springsanddampers(Qmj ), groundcontact(Qc j ), andshoesprings
(Qsj ). Theseequationsrepresenttheforcesataspeci�c timeinstant
t; for brevity, thedependenceont is omittedfrom theseequations.

Wenext describethegeneralizedforcesin detail.

1Themorecommonde�nition of theLagrangianincorporatespotential
energy. We includegravity in the aggregatejoint forcesinstead(which is
equivalentto themorecommonform).

Qsj

Qcj

Qpj

Qmj

Qgj

Figure1: The characterconsistsof 18 body nodesand35 DOFs.
The aggregate generalizedforces acting on each joint j are :
muscles(Qmj ), gravity (Qg j ), passive springsanddampers(Qp j ),
groundcontact(Qc j ), andshoesprings(Qsj ). Theaggregatespring
forcefrom thepassiveelements(Qp j ) is illustratedasaspringanda
damper, andtheactivemuscleforce(Qmj ) is illustratedasamotor.

Gravity. Gravity canbeviewedasaconstantforcemig actingon
thecenterof massof eachbodyparti. Thegeneralizedforcedueto
gravity actinguponjoint DOFq j is computedas:

Qg j = å
i2N( j)

�
¶W i

¶q j
ci

�
� (mig) (5)

whereci is the centerof the body nodei in its local coordinate
frame,mi is themassof thebodynodei, andg is thegravitational
acceleration.

Passive Joint Forces. Our modelaccountsfor thepassive joint
forcesdueto thestretchingof opposingmuscles,tendonsandliga-
ments.Tendonsarestretchy tissueconnectingmusclesto thebones,
andligamentsare�brous tissuethatjoin oneboneto anotheracross
a joint, keepingthe joint in place.Both tendonsandligamentsact
asspring-like elementsthatdampenmotion. It is worth notingthat
thesepassive generalizedforcesareusedextensively in naturallo-
comotionto reduceenergy consumption,increasestabilityandsim-
plify thecontrol.As thetissuearoundeachjoint stretchesandcon-
tracts,energy is temporarilystoredandreleased,thusincreasingthe
ef�ciency of locomotion. In running,this mechanismof exchange
betweenkinetic and elasticpotentialenergy appearsto conserve
about20-30%of the energy that would otherwisebe suppliedby
muscles[Alexander1988]. Similarly, althoughopposingmuscles
aretheonly real torquegeneratorsaroundeachjoint, they arealso
quiteelasticandcontribute to theaggregatepassive forcesaround
the joint. Our modelseparatesthe generalizedforce contribution
of all musclesarounda joint into a passive andactive portion. If
all muscleloadsarounda joint arekept constant,the entire joint
systemcanbeviewedaspassive,eventhoughall musclesmightbe
actuated.Any variationof muscleloadsawayfrom thisequilibrium
is consideredanactive componentof thegeneralizedforce,andis
subsequentlyminimizedwith theobjective function. Somestudies
suggestthat animalskeepoverall leg stiffness�x ed during walk-
ing andrunning[He etal. 1991],but varystiffnessaccordingto the
speci�c locomotiontask,suchasrunningon a surfaceof varying
stiffness[Farley andMorgenroth1999]. Thesecollective spring-
like effects are also signi�cantly different for eachjoint. In the
absenceof all muscleforcesandgravity, eachjoint alsohasa de-
fault reststateat theequilibriumof all muscle,tendonandligament
forces.NASA experimentshavereportedontheseequilibriumjoint
positionsfor humansin a relaxedstatein outerspace,andreported
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Figure2: We usetwo differentspringcoef�cients (ks1 andks2) to
modelthepassiveelementsin stretchingstateandcontractingstate
respectively. q̄ j is the joint angleof q j at rest in absenceof all
externalforces.

thatthevaluesaredifferentfor differentpeople[Mount etal.2003].
Opposingmusclesaroundeachjoint caneasilysettheseneutralpo-
sitionsto differentvaluesdependingon thelocomotiontask.

We write the force dueto passive elementsasa linear damped
springforce:

Qp j = � ksj (q j � q̄ j ) � kd j �q j (6)

where ksj and kd j are the spring coef�cient and dampingcoef-
�cient that model the spring force causedby the stretchy tissue
aroundjoint DOF q j , andq̄ j is the joint angleof q j at rest in ab-
senceof all external forces. We usetwo different spring coef�-
cients,ks1 j and ks2 j , to model the passive elementsin stretching
stateandcontractingstaterespectively (Figure2). Sinceour op-
timizer requiresforcesto be continuous,we usea sigmoid func-
tion, g(x) = (tanh(500x) + 1)=2 to approximatethediscontinuityat
q j = q̄ j :

ksj (q j ) = g(q j � q̄ j )ks1 j + (1� g(q j � q̄ j ))ks2 j (7)

Environment Constraint Forces. During groundcontact,we
useCoulomb's friction modelasdescribedby PollardandReitsma
[2001]tocomputetheforcecausedby thefriction betweenthechar-
acterandtheenvironment.A friction coneis de�nedto betherange
of possibleforcessatisfyingCoulomb'sfriction modelfor anobject
atrest.Weensurethecontactforcesstaywithin abasisthatapprox-
imatesthecones,with nonnegativebasiscoef�cients l p:

Qc j = å
p

l pV
¶Cp

¶q j
(8)

whereV is a4� 3 matrixconsistingof 4 basisvectorsthatapprox-

imately spanthe friction cone. Finally, ¶Cp

¶q j
projectsthe contact

force into thespaceof q j , whereCp is a positionalconstraintthat
�x esapointon thecharacterto its environment.

Shoe Forces. The spring-like natureof shoescontribute to the
overall “bounciness”of locomotion.To simulatethis elasticforce,
we usea springthatonly activateswhenthedistancebetweenthe
foot andthe�oor is lessthantherestlengthof thespring(Figure3).
Again,weuseasigmoidto approximateastepfunction:

Qsj = g(h̄� h(q)) kshoe(h̄� h(q))
¶h(q)
¶q j

(9)

whereh̄denotestherestlengthof theshoespring,h(q) indicatesthe
vertical distancebetweenthe heelandthe �oor , andkshoedenotes
the springconstantfor the shoe. As with the contactforce, ¶h(q)

¶q j

projectstheelasticforceinto thespaceof q j .

h
h(q)

Figure3: Theelasticforceof theshoesis modeledby a springthat
only activateswhenthe distancebetweenthe foot andthe �oor is
lessthantherestlengthh̄ of thespring. h(q) indicatesthevertical
distancebetweentheheelandthe�oor .

4.1 Determining muscle forces

A completemotion is representedas a vector X containingjoint
anglecon�gurationsq andcoef�cients of groundcontactforcesl :
X = f q1;q2; : : : ;qL; l 1; l 2; : : : ; l Pg, whereL is the numberof the
framesin themotion,andP is thenumberof footstepconstraints.
For ef�ciency, we parameterizemotionsascubicB-splines,with a
suf�cient numberof control pointsto allow detailedmotion. The
muscleforcesQmj caneasilybe computedfrom Equations1 and
4, asa functionof a motionX, thephysicalparametersq, andthe
time instantt:

Qmj (t;X;q) = å
i2N( j)

d
dt

¶Ti

¶ �q j
�

¶Ti

¶q j
� Qg j � Qc j � Qsj � Qp j (10)

Sincethereareno musclesor tendonsthatapply forcesdirectly
to therootDOFs,aseparateequationappliesat theroot; thisequa-
tion saysthat theglobalmotionof thecharacteris completelyde-
terminedby theaggregateexternalforces:

Q0k(t;X;q) = å
i2N(0)

d
dt

¶Ti

¶ �qk
�

¶Ti

¶qk
� Qgk � Qck � Qsk = 0 (11)

wherek indexesover the6 globalDOFsat theroot andN(0) is the
setof all bodynodes.

5 Motion synthesis by minimizing muscle
usage

The main functionality of musclesis to move bonesaroundtheir
joints by contractingandrelaxing. While minimizing muscleus-
agecertainlymakessense,optimizationmethodsoftenneglect the
large variability in musclestrengthandusagepreferencefor each
joint. For example,themusclesdriving thehip joint cangenerate
signi�cantly larger torquethanthe shoulderor elbow muscles.In
addition,animalsprefer to usecertainmusclesand joints simply
becausethey maybemorerobust(lesslikely to sprainor tear)[Full
et al. 2002]. Differentmusclepreferencessigni�cantly changethe
resultingstyleof theoptimalmotion. We will refer to the relative
preferenceof power usagefor joint DOF q j by a corresponding
scalara j . We speci�cally measureeffort in termsof muscleforce
usageby summingthesquaredmagnitudesof theforcesatall joint
DOFs j overall timestepst:

E� (X;q) = å
j
å
t

a j (Qmj (t;X;q))2 (12)

The weights a capturethe relative preferencefor usageof dif-
ferent joint DOFs, and are normalizedto sum to 1. The com-
pletephysicalstyleof acharacteris collectedin aparametervector



q = f a ;ks;kd; q̄;kshoe; h̄g. In oursystem,theparametervectorq is
147-dimensional.

In order for a motion to be physically valid, it shouldsatisfy
Q0 = 0. However, oursimpli�ed skeletondoesnotprovideenough
accuracy to satisfy this constraintexactly. Instead,we adda soft
constraint:

E(X;q) = å
j
å
t

a j (Qmj (t;X;q))2+ wr å
k

å
t

(Q0k(t;X;q))2 (13)

Weusewr = 100,a largevaluecomparedto a .
The motion with the speci�c physical style q is computedasa

solutionto thefollowing nonlinearoptimizationproblem:

min
X

E(X;q) subjectto C(X) = 0 (14)

whereC denotesthefootstepconstraintsandtheboundson X. As
ashort-hand,wewill alsowrite thisminimizationas:

min
X2C

E(X;q) (15)

For all examplesin thispaper, motionconstraintswereexpressed
in theform of constraintsonfootsteps.Speci�cally, eachconstraint
�x es a point on one of the character's feet to a speci�c point in
the environmentfor a speci�c period of time. Theseconstraints
are either provided by the userusing a simple sketchingtool we
designed(seeaccompanying video), or extractedfrom a captured
motion sequence,asdescribedin [Liu andPopović 2002]. In our
experience,manuallycreatingfootprintswith reasonablepositions,
durations,andthefrequency is noteasy. Weusecapturedfootprints
for thosemotionscontainingcomplex steps,suchas for a sharp
180� turn.

6 Nonlinear Inverse Optimization

We now describeNonlinearInverseOptimization(NIO), a method
for determining optimization parametersfrom measureddata.
Givenanobservedenergy-optimalmotion2 XT ; how canwe deter-
minethephysicalparametersq thatgave rise to it? Oneapproach
would beto minimizetheleast-squaresdifferencebetweentheob-
servedmotionandtheresultof spacetimeoptimization;however, as
discussedin AppendixB, thisapproachleadsto many dif�culties.

Webegin with theassumptionthatthemotionXT wasgenerated
by spacetimeoptimizationasin Section5. Consequently, the true
motionparametersq shouldsatisfy

E(XT ;q) = min
X2C

E(X;q) (16)

However, it is not immediatelyapparenthow onewould searchfor
a q thatsatis�esEquation16. Moreover, thereis no guaranteethat
suchaq exists,becauseof noiseandinaccuraciesin themodel.

Instead,we proposethe following InverseOptimizationObjec-
tive:

G(q) = E(XT ;q) � min
X2C

E(X;q) (17)

This objective functionhasthepropertythatG(q) = 0 only when
q satis�esEquation16; G(q) > 0 otherwise.This meansthatany
parametersq thatsatisfyEquation16 areglobalminimaof G(q).
Even if we cannot�nd a q that satis�esEquation16, minimizing
G(q) will try to get XT as “close” to being optimal as possible.
Hence,weuseG(q) asanobjective functionfor estimatingq. Ad-
ditionally, in orderto avoid degeneratesolutionswherea j � 0, we
wouldliketo ensureå j a j = 1,and,in orderfor musclepreferences

2We extractmotionparametersXT andconstraintsC from raw marker
dataasdescribedin AppendixA.

to beplausible,wealsorequirea j � 0 for all j . In practice,weuse
soft constraints:

D(q) = wjj å
j

a j � 1jj2 + wå
j

S(a j ) (18)

wherew is a large weight (we usew = 104), and S(x) penalizes
negative values(S(x) = 0 for x � 0; S(x) = x2 for x < 0). The
problemof determiningq from theobservedmotionis then

argmin
q

G(q) + D(q) (19)

Thesecondtermin Equation17 cannotbeevaluatedexactly, as
it would requireglobaloptimization.We evaluateit approximately
usingSNOPT[Gill et al. 1996], a non-linearoptimizer. Equiva-
lently, onemayalsomodify theobjective function to considerthe
local minimumdiscoveredby SNOPT, ratherthantheglobalmini-
mum. In this latterview, it is possibleto designoptimizationalgo-
rithmsfor G(q) thatareguaranteednever to increasetheobjective
function.

6.1 Learning algorithm

We now describeanalgorithmfor learningq by minimizingG(q).
Standardsearchtechniquescannotbe appliedbecausethe objec-
tive functionis highly nonlinearandnon-differentiable:evaluation
of G(q) requiresa solutionto a complex non-linearminimization
problem.For example,sinceq is 147-dimensional,andeacheval-
uation of G(q) in our examplestakes 4-8 minutes,computinga
singlegradientwould takeapproximately15hours;eventhenthere
is a questionof whetherthegradientwould beaccurate.However,
suppose,for a given estimateq̂, we computethe optimal motion
XS = argminX2C E(X; q̂). Thekey ideaof our algorithmis to lo-
cally approximateG(q) with

G̃(q) = E(XT ;q) � E(XS;q) (20)

sothatwemayapproximatethegradientof G(q) at q̂ as

d
dq

G(q) �
d

dq
G̃(q) =

¶
¶q

E(XT ;q) �
¶

¶q
E(XS;q) (21)

Thisgivesusanapproximategradientdirectionthatcanbeusedas
asearchdirectionwithin aniterativenumericaloptimizationproce-
dure: at eachiteration,thealgorithmcomputesa “counterexample
motion” XS, evaluatesEquation21,andthenupdatesq̂ by takinga
small stepin thenegative approximategradientdirection. We can
interpretthisalgorithmasfollows. Duringoptimization,thecurrent
parameterestimateq̂ views XS asa motion that haslower energy
thantheobservedmotionXT (Figure4). Takingastepin thenega-
tiveapproximategradientdirectioncausesXS to havehigherenergy
andXT to have lower energy, thusmoving closerto a q in which
XT hasthe lowestenergy of all possiblemotions.Thestep-sizeis
determinedby a line-searchwith respectto G(q) + D(q); this pre-
ventsa stepfrom inadvertentlymakingsomeothermotion much
betterthan XT . If q̂ is optimal, then XT and XS have the same
energy, andtheapproximategradientis zero.
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Figure4: Intuition for NIO. The horizontalaxis of eachplot cor-
respondsto a spaceof possiblemotions,andtheverticalaxis indi-
catesthe energy of eachmotion. The plot at the right shows our
goal, namely, to �nd a q for which XT is “at the bottom” of the
energy function. During optimization,however, we may have an
energy functionmorelike theoneon theleft, in whichXT is notat
the bottom. In eachstepof the optimizationprocess,we generate
a motion XS that haslower energy thanXT , andthenadjustq to
“push” XT slightly downwardandto “push” XS slightly upward.

Theentirealgorithmmaybesummarizedasfollows:3

function NONLINEARINVERSEOPTIMIZATION(XT)
initialize q̂
while not donedo

XS  argminX2C E(X; q̂)
Dq  ¶

¶q E(XT ;q) � ¶
¶q E(XS;q) + d

dq D(q)
b  argminb G(q̂ � bDq) + D(q̂ � bDq)
q̂  q̂ � bDq

endwhile
return q̂

We initialize a j to be 1=M, whereM is the numberof joint
DOFs, for eachDOF j. The rest poseq̄ is initialized as the av-
erageposeof XT . Theshoeparameterskshoeandh̄ areinitializedto
thevaluesobtainedduringpreprocessing(AppendixA). We select
initial valuesfor ks1; j , ks2; j , andkd; j for eachjoint, by minimizing
theinferredmuscleforces:

min
f ks1j g;f ks2j g;f kdj g

å
j

(Qmj (t;X; q̂))2 (22)

Weranthealgorithmfor exactly50iterationsin eachof ourtests,
althoughconvergencecouldalsobedetectedautomaticallyby com-
paringsuccessive valuesof the objective function. We found that
theobjectivefunctiontypically decreasedby severalordersof mag-
nitudewithin the �rst 10 steps,andthenmadetiny improvements
after that (Figure5), in a mannerreminiscentof the linearconver-
genceof gradientdescent.

The bottleneckin this algorithmis in computingXS; however,
this may be spedup by initializing SNOPTwith XT , andby not
runningit to convergence(sothatXS is not necessarilyoptimalfor
q̂, but is rathersomemotionwhichhaslowerenergy thanXT .)

7 Experiments

We testedour algorithmby learningthe stylesof several walking
andrunningmotioncapturesequences.Eachstyle is learnedfrom

3Theline searchprocedureis:

b  1
while G(q̂ � bDq) + D(q̂ � bDq) > G(q̂ � bDq=2) + D(q̂ � bDq=2)

and b > 10� 6 do b  b=2 endwhile
return b
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Figure5: NIO of theneutralwalk. Thehorizontalaxisshows the
iterationnumbern, andtheverticalaxisshows thevalueof G(q̂).
NIO obtainsa good solution in very few steps. After learning,
E(XT ; q̂) = 8009:37; andE(XS; q̂) = 7535:32, indicatingthat,for
the learnedstyle q̂, theenergy of theoptimalmotion is very close
to theenergy of theobservedmotion.

asinglemotionsequenceof 50-90framesat30fps(2-3secondsdu-
ration).We thenusedthesedynamicstyleparametersto synthesize
a wide rangeof differentmotions(Figure6). We solve spacetime
optimizationproblemsusingSNOPT[Gill et al. 1996]. Thelearn-
ing processtook on theorderof 4 to 6 hoursperstyle,on a 2Ghz
Pentium4 machine.Synthesistookapproximately10to 30minutes
permotion.Duringsynthesis,weobtainedsomewhatfasterconver-
genceby optimizing explicit Qmj andQ0k variablestogetherwith
the motion, and introducingexplicit dynamicsconstraints(Equa-
tions10and11).

Our synthesisalgorithmdoesrequirea reasonableinitial state.
Fromourexperiments,simpleinitializations,suchasadefaultpose
translatingthroughspace,leadto poor local minima. The follow-
ing procedurewasusedfor initialization in all of our experiments.
Givennew footstepconstraints(C) andthetargetmotion(XT ), we
generateanappropriateinitial sequencein thefollowing threesteps.
First, we �t a spline to the horizontalcoordinatesof the footstep
constraints,andinitialize thehorizontalcoordinatesof theroot po-
sition to bethespline's positionat eachtime instantt. Second,we
initialize theglobal rotationswith thesplinetangentsat eachtime
t. Third, for eachtime t, we �nd theposein theexamplesequence
XT thathasthemostsimilar footstepconstraintsto theconstraints
in timet, andcopy thejoint anglesandrootheightto timet.

Estimating style parameters. We usedNIO to learnthestyle
of a neutral,balancedwalking sequence.To evaluatethestylepa-
rameterslearnedfrom this input sequence,we generateda motion
with thelearnedstyleandwith thesamefootprintsastheinputmo-
tion. As shown in theaccompanying video,thesynthesizedmotion
is visually identicalto theinputmotion.To demonstratetheimpor-
tanceof musclepreferencesandpassive elementsin synthesisof
naturalmotions,wedesignedfollowing two experiments.First,we
synthesizeda motionwith thesamefootprintsastheinput motion,
but withoutconsideringmusclepreferences(a = 1 for all thebody
nodes)andwithoutpassiveelements(ks1 j = ks2 j = kd j = kshoe= 0).
In the secondexperiment,we learnedmusclepreferencesa in a
model without passive elementsand usedthe learneda to syn-
thesizea motion constrainedby the samefootprints as the input
motion. Note that learningthemusclepreferencesaloneproduces
a motion reasonablyclose to the input motion. However, with-
out springanddamperforces,themovementof somejoints appear
looseandunnatural.

Creating motions with new constraints. We cansynthesize
new motionsin thesamestyleasthepreviouswalkingsequenceby



Figure6: Examplesof synthesizedmotionsin variouswalkingandrunningstyles.Fromtop to bottom:180-degreewalking turn, limp walk,
descendinganincline,walkingwith asuitcase,runningwith springyshoes,ascendinganincline.



providing new footprint constraints.In the�rst example(shown in
the accompanying video), we show a new walking sequenceon a
curved path. The new footprintscausedthe characterto leanher
torsointo theturn. We alsoshow thesamestyleappliedto a sharp
180� turn,wherethecharacterleansevenfurthertowardsthecenter
of rotation(Figure6, �rst row). In additionto creatingnew foot-
prints, we can also modify the character's skeleton. We show a
motion sequencewherewe “locked” the character's left kneeand
decreasedthe rangeof movementon the joint of the left hip (Fig-
ure6, secondrow). To performthesamegait, thecharacterhasto
twist hertorsomoreaggressively.

Capturing di�erent styles. We have testedour style learning
algorithmonarangeof phenomena,suchasvariationsdueto emo-
tional state,individual bodyshape,andfunctionalactivity suchas
walkingor running.Welearneda“sad” stylefrom acapturedwalk-
ing sequenceandsynthesizedwalking uphill anddownhill in the
same“sad” style(Figure6, third row). In anotherexample,theac-
tor wasaskedto act“happy” whenwecapturedherwalkingmotion.
Weallowedthefootprintconstraintsto slideon the�oor to createa
skatingmotionin the“happy” style.Despitechangesin constraints,
theresultingmotionsstill exhibit thesamestylesastheexamples.

Our learningalgorithmcanlearndifferentstylesfor differentin-
dividuals.We recordedmotionsof two subjectswalking on a level
surfaceandsynthesizedwalkinguphill in theirpersonalstyles(Fig-
ure6, sixth row). In our framework, runningis considereda differ-
entstylefrom walkingbecauseof thedifferencein musclestiffness
in thesetwo actions.To illustratethis,weusedthestyleparameters
learnedfrom runningandappliedthemto walking. Thecharacter
exhibitsa lot of tensionin hermovements,sincemusclesarestiffer
in running;theresultingmotionresemblespower-walking.

Editing styles and dynamics. We can also edit the style pa-
rametersandthedynamicproperties.To illustratethis,wechanged
the massof the character's right handcorrespondingto carrying
a 3 kilogram suitcase.As a result, the characterleansto the left
to counteractthe weight andswingsher right arm muchlessthan
before.Applying thischangeto differentstylesyieldsdifferentop-
timal walking motions.For example,in thesadstyle,thecharacter
carriesthesuitcasein front of herbody, whereas,in thehappy style,
sheswingsit backandforth (Figure6, fourth row).

Our physics-basedframework alsomodelsthe elasticityof the
character's shoes.By increasingtheelasticityof theshoes,we cre-
ateabouncierrunningmotion(Figure6, �fth row).

Comparison to ground truth and warping. In orderto eval-
uateour method,we comparedit to a groundtruth motion andto
a motionwarpingmethod,in thecaseof walking uphill (Figure7).
Weperformedmotioncaptureof anactorwalkinguparamp.Then,
using the neutralwalking style learnedfrom an actorwalking on
level ground,we synthesizeda new motionwith thesamefootstep
constraintsas the captureduphill motion. Note that our method
accuratelypredictstheoverall featuresof thegroundtruth motion,
including leaninginto theslopeandapplyinglarger forcesat each
step,eventhoughthesefeaturesarenotpresentin theexamplemo-
tion. For comparison,wealsogeneratedthemotionusingamotion
warpingmethodthat doesnot modeldynamics;instead,it warps
the examplemotion to the new constraints,andusesthis motion
asinitialization in anoptimizationof thesmoothnessof themotion
subjectto footstepconstraints.Thewarpedmotiondoesnotcapture
theproperdynamicsof themotion,e.g.,thecharacterdoesnot lean
into theslope.

Figure7: Comparisonto motion warpingandgroundtruth. Top:
Motion captureof a personwalking up a ramp. Middle: Motion
predictedby our method,usinga style learnedfrom walking on a
level surface.Althoughthepredictionis not identicalto themotion
capturesequence,our methodhasaccuratelypredictedtheoverall
dynamicnatureof the motion,suchasleaninginto the slope,and
exerting more force at eachstep. Bottom: Motion predictedby
warpingthelevelmotionandsmoothingthemotionwhilesatisfying
foot constraints. Many dynamicfeaturesof the groundtruth are
absentfrom thewarpedmotion.

8 Discussion and future work

We have describeda modelof humanlocomotionthatincorporates
several importanthypothesesof biological motion: optimality of
locomotion,relative preferencesfor applying torquesat different
joints, the importanceof springanddamperelements,andthe im-
portanceof variabletensionto style.Wehavealsodescribedanovel
framework for learningbiomechanicalparametersfrom examples.
Wehave foundeachof thesecomponentsto beessentialto produc-
ing realisticmotions.For example,withoutsprings,thecharacteris
unnaturallyloose;without learning,it is too dif�cult to determine
reasonablemodelparameters.The ability of our systemto create
realistic-lookingmotions,and,in the caseswe have tested,to ac-
curatelypredictrealmotions,stronglysuggeststhatthesystemhas
accuratelymodeledtheessentialfeaturesof humanlocomotion.

Many openquestionsremain,aswell asexciting avenuesfor fu-
turework. We anticipatethatgeneralizationsof this modelcanbe
usedto modelaverywide rangeof animalmotion.

Musculoskeletal modeling. We have useda highly-abstracted
modelof dynamics,in orderto capturetheessentialfeaturesof mo-
tion. Thereare a numberof ways to generalizethe model, such
asdetailedgeometricmodelsof bones,muscles,andtendons,and
detailedmodelsof muscleactivation.Oneimportantsimpli�cation
we have madeis to keepmuscletension�x ed, whereashumans
varystiffnessfor differenttasks.A moresophisticatedmodelwould
learn the energy costdueto varying muscleactivations,although
thismayrequirea largertrainingdatabase.Hence,ourpresentsys-
tem will not be able to accuratelypredict motionswith different
stiffnesscharacteristics,suchasaccuratelypredictingthenatureof
awalkingmotionfrom runningdata.

We have found the learningprocessto be effective whengiven
differentbiomechanicalmodels.For example,an early versionof
our systemuseda poor modelof groundcontactforces;NIO was
able to learn a reasonablemodel of most aspectsof motion, but



groundcontactappearedunrealisticin synthesizedmotions. For
thisreason,weareoptimisticthatNIO will work well with abiome-
chanicalmodelsof greateror lessercomplexity, subjectto thede-
scriptive power of the model. Determiningthe appropriatemodel
complexity for variousspeci�c problemsremainsanopenquestion.

Other types of motions and characters. We anticipatethat
our generalapproachcanbeappliedto othertypesof motionsand
other typesof animals,althoughthe detailsof the biomechanical
modelmayvary in differentcases.

Mo del accuracy and uniqueness. Themainassumptionof our
approachis that the examplemotion is energy-optimal. It seems
reasonableto hypothesizethata “neutral” walking motion is opti-
mal with respectto, for example,metabolicenergy consumption.
On the otherhand,the energetic happy walk may not be the most
energy-ef�cient methodfor locomotion.Nonetheless,it maybeop-
timal with respectto adifferentenergy function,onethat,for exam-
ple,re�ects thehappy person'sstrongpreferencefor moreexagger-
atedgesturesthannecessary. Ourapproachmodelsthesecasesby a
physicalsystemthatexplainsthemotionandcangeneratenew mo-
tions,but, in doingso,con�atesemotionalstatewith biomechanical
properties.

An openquestionis to determinein what casesare the model
parametersuniquely-de�nedby themotioncapturedata,andwhen
theestimationis stable.For purposesof animation,uniquenessof
the modelparametersis not essential;what mattersis the ability
of thesystemto accuratelygeneratenew motions.We suspectthat
uniquestyle of the modelcould be determinedby learningq pa-
rametersthat�t a setof motions,ratherthana singleshortmotion.
Furthermore,it wouldbevaluableto performdetailedbiomechanic
analysisof locomotionvariability by measuringtheforcesandten-
sionsfrom real subjectsperforminga setof tasks,andcomparing
thesemeasurementsto thoseproducedby ourgenerativemodel.

Properties of NIO and extensions. We have found NIO to
work well in practice,andit hasa numberof appealingtheoretical
properties,suchasconvergencewhenG(q) = 0. Yet we have an
incompleteunderstandingof NIO'sproperties,suchaswhetherit is
guaranteedto solve G(q) = 0 whena solutionexists. Oneintrigu-
ing questionis whetherwecanlearnthestructureof problems,i.e.,
to determinebiomechanicalmodelsor determinethe constraints
thatwererequiredto createmotions.

Thereare a numberof practicalextensions,suchas handling
nuisanceparameters,non-trivial noiselevels,andmodelselection.
Theseissueswould be straightforward to model in a probabilistic
setting,but thiswouldleadto substantialcomputationalchallenges.

Stylistic variation. Sinceourmodelof stylerepresentsphysical
propertiesof motion,we anticipatethat it canbe usedto generate
new styles;onepossibleapplicationis to createa linear spaceof
stylesthat can be usedto generatenew motionsor to recognize
existingstyles.

Biomechanics research. An importantandcontroversialques-
tion in biomechanicsis whethermovementsare“optimal” in any
sense[Alexander2001].Basedonourpreliminarytests,webelieve
that NIO canbe usedin humanmotion researchto createhighly
predictive modelsof motion basedon optimization,therebylend-
ing supportto theoptimizationtheoryof motion.
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A Motion preprocessing

Wereconstructamotion(X) andthemasstensors(M) directlyfrom
theraw dataacquiredby a motioncapturesystem.Themotionse-
quenceswerecapturedat the rateof 120 frames/secondandthen
down-sampledto 30frames/second.Reconstructingthemotionen-
tails estimatingthe joint anglesand the groundcontactforcesat
every time step. We have found that usingstandardinversekine-
maticsto estimatejoint anglesyieldsmotionsthatappearaccurate
visually, but thatcontainunrealisticlevelsof noise. Theseminute
variationscorrespondto very large derivatives, and thus to unre-
alistic forces. Instead,we formulatedan spacetimeoptimization
that �ts eachhandlehi(q) on the characterto the corresponding
recordedmarker pi , subjectto a dynamicconstraintson theglobal
DOFs:

min
X;kshoe;h̄

å
i

jjhi(q) � pi jj2 subjectto Q0 = 0 (23)

Motions obtainedthis way have much smoothersecondderiva-
tives,while still matchingtheoriginally markersfaithfully. Conse-
quently, styleparametersq extractedfrom thesemotionsaremore
robustfor synthesizingmotionswith new constraints.Notethatthis
optimizationalsoestimatesgroundcontactforcesfor all time steps
(parameterizedby l coef�cients) basedsolelyon themotionof the
character's centerof mass.Inspectingmeasuredmotionssuggests
thatverticaltranslationdueto therootDOFsdominatesall thatdue
to all other DOFs, and so the above procedureshouldyield rea-
sonablyaccurategroundcontactforces. Measurementscouldalso
be performedon a force platform in orderto obtainexact ground
contactforces.

In orderto determinethe masstensorfor eachellipsoidalbody
node,we �rst setthemajoraxislengthto matchthecorresponding
limb length,andthenscalethe otheraxesequallyin orderfor the
limb'svolumeto matchthemassdistribution for humansdescribed
in thebiomechanicsliterature[deLeva1996;Pearsallet al. 1994].

B Least squares learning

A temptingapproachto learningq is to solve for theq thatmini-
mizesthefollowing least-squaresobjective function:

jjXT � argmin
X2C

E(X;q)jj2 (24)

Our earlytestswith this approachwereentirelyunsuccessful.This
approachis fraught with many dif�culties. First, this objective
functionpresumesthattheobservedmotionis theuniqueminimizer
of the energy function; if thereis noisein the system,if thereare
approximationsin the model, or if the energy function doesnot
haveauniqueminimum,thenthemotionXT maybedifferentfrom
that returnedby an optimizer. Second,this objective function is
likely to have many spuriouslocal minima, becauseadjustments
to q maymake very unpredictablechangesto theoptimalmotion.
Third, theredoesnotappeartobeareliableprocedurefor producing
searchdirectionsfor this objective function; for example,gradient
descentcannotbe appliedbecausewe cannotcomputethe gradi-
entof theobjective. As a result,expensive searchmethodssuchas
simulatedannealingor �nite differenceswould berequired.These
methodsareveryexpensiveevenfor low-dimensionalproblems;in



our case,q is 147-dimensional,which suggeststhat optimization
couldtake daysor evenweeks.In contrast,NIO suffersfrom none
of theseproblems:it is very fast,robust to initialization, anddoes
not requireauser-designedmutationfunction.

C Relation to Maximum Likelihood

In this section,we discusstheoreticalpropertiesof InverseOpti-
mizationandhow it relatesto maximumlikelihood(ML) learning.
A commonwayto de�ne theprobabilityof anenergy-basedsystem
is with aGibbsdistribution:

p(Xjq; t ) =
e� E(X;q)=t

R
X2C e� E(X;q)=t dX

(25)

wheret is called the “temperature.” In ML, we would normally
remove theconstraintthat å i a i = 1, andremove the temperature;
we thensearchfor theq thatmaximizesp(XT jq). However, sup-
posewe �x thevalueof t ; learningq by maximizingp(Xjq; t ) is
equivalentto minimizing

Lt (q) = � t ln p(XT jq; t ) (26)

= E(XT ;q) + t ln
Z

X2C
e� E(X;q)=t dX (27)

= E(XT ;q) �
Z

p(Xjq; t )E(X;q)dX

� t
Z

p(Xjq; t ) ln p(Xjq; t )dX (28)

Theequivalenceof Equations27 and28 maybeshown by substi-
tuting Equation25 into the �nal instanceof p(Xjq; t ) in Equation
28.

Now, considerthe behavior of this optimization in the limit
as t ! 0: p(Xjq; t ) will becomea delta-functionaround the
minimum-energy motion.Hence

lim
t ! 0

Lt (q) = E(XT ;q) � min
X2C

E(X;q) = G(q) (29)

Hence,the InverseOptimizationObjective canbe viewed asML
learningin thezero-temperaturelimit. Furthermore,our optimiza-
tion algorithmcanbe viewed asa zero-temperatureform of Con-
trastive Divergence[Hinton 2002],sincesamplingfrom thedelta-
functionis equivalentto �nding theminimum-energy motion.

Developingalgorithmsfor ML learningof q is a promisingbut
challengingavenuefor futurework. We suspectthat the ML esti-
mateof q would bemoreusefulthantheoneproducedby our al-
gorithm,asit would likely handlenoisemorerobustly, andprovide
a properprobabilitydistribution over motions.Moreover, consider
thefollowing optimizationscenarioswith threepossiblechoicesof
q thatall assignthesameenergy to thetargetmotionXT :

E
(X

;q
1)

XT

E
(X

;q
2)

XT

E
(X

;q
3)

XT

The InverseOptimizationObjective views both q1 andq2 asop-
timal, sinceG(q1) = G(q2) = 0. However, ML prefersq2 to q1,
sinceit assignshigherprobability to the target motion XT . (This
follows from

R
X2C e� E(X;q1)dX >

R
X2C e� E(X;q2)dX). Similarly,

ML would usuallypreferq3 over q1 andq2, whereasInverseOp-
timizationwould preferq1 or q2. Intuitively, not only do we want
theobservedmotion to beat thebottomof a “bowl” in theenergy
function,but thebowl shouldbeasdeepaspossible.
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